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PREFACE. 

A;,THOuaH Algebra naturally follows Aritliraetic in a coui'ae 
f scientific studies, yet the change from numbers to a sys- 
ttm of reasoning enlirely conducted by letters and signs is 
rather abrupt and not unfrequently discourages tlw pupil. 

In this work it has been the intention to forin a connect- 
ing link between Arithmetic and Algebra, to unitfeand blend, 
as far as possible, the reasoning on numbers withrthe more 
abstruse metliod of analysis. 

The Algebra of M. Bourdon has been closely follovped. 
Indeed, it has been a part of the plan, to furnish an introduc- 
tion to that admii-able treatise, which is justly considered, 
both in Europe and this country, as the best work on the 
fjubject of which it treats, that has yet appeared. 
' Tliis work, however, even in its abridged form, is too 
voluminous for schools, and the reasoning is too elaborate 
and metaphysical for beginners. 

It has been tliought that a work which should so far mo- 
dify the system of M, Bourdon as to bring it within the 
scope of our common schools, by giving to it a more prac- 
tical and tangible form, could not fail to be useful. Such is 
the object of the Elbmbntart Alqebba. 

Having within the past year carefully revised the Algebra 
of M, Bourdon, and made therein many important changes 
and alterations, both by the addition of new '. ules and in the 
abridgment and simplification of those before given, it be- 
ta sa to make corresponding clianges fn the in- 
d y w k The alterations before made, in the form 
du on, the Treatise on Logarithms, and the 
p ainitig practical examples, with solutions 
, have ail been retained ; and the work is 
p d the public in a form which it is hoped will 
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INTRODUCTION. 



LESSON I. 

1. John and Charles have twelve apples bi'tween them, 
and each has as many as ihe other : How many has each ! 

Jf we suppose the apples divided into two equal pans, it is 
plain that John will have one part and Charles the other: 
hence, they will each have six apples. 

In Algehra, we often represent numbers by the letters of 
the alphabet; that is, we take a letter to stand for a nnmber. 
Thus, let 3! stand for the apples which John has. Then, as 
Oiaries has an equal number, x will also stand for tlie apples 
which he has. But together, they have twelve apples ; hence, 
twice X must be equal to 12. This we write thus : 

x+x=2iE=I2; 
and if twice x is equal to 12, it follows that once x, or x, will 
be equal to 6. This we write thus : 






r the same as 
taken ; if 3^:, 



Qi'EST. — 1. In the first quuxtiun, huw miiny a|iplc8 has each bo;! 
By what arc numbers represeuleJ in Algebra ? If x xUiiids by ilsi^lf, ho» 
many times a: are eiproaaeJI What does Sj: denote 1 Whal 3*1 
What ix, &0. If wc have x+x, to how many times x is it equal 1 If 
we have the value of ix, bow do we find the value of x 1 

(1) 
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a. Jaines and John together have 34 jiKnAes, and one has 
as many as the other : How many has each ? 

Let X Bland for the numher of peaclies which James has : 
tlien X will diso he equal to the nnmbor of peanhes whic)- 
Johu has; and since they have 24 between them, 

x+i=24; 
that is, 2^=24 and t=^=12. 

Therefore, each has twelve peaches. 

3. William and John have 36 pears, and one has as many 
as the other : How many has eacli ? 

Let tlie nnmber which each lias be denoted by x. 
Itien 1 + 1=36; 

that is, 2a'=36 and ^=|-^18. 

4- What number is that which atlded to itself will give a 
sum eqnai to 20 ? 

Let tlie number be denoted by x: tln;n. as ilie number is 
to be added to itself, we have 



Hence, 10 is the nnmber, 

5. Whatmimber is that winch added to ilseif will giv 
Slim equal to 30 ? 

Quest,— 2. In the secoii^l ^uc-mi.in, whnt Jmu x stand for ! V, 
Is twicexequni tol How then Jo yi>u find tlie vnliie oS xl 3. In 
tbird question, what does x tiaijd fuit 1 Wlul u x eyual to 7 Huw 
you finil the value of j7 4- In tliu fourth ijupstion, what ilocs x st 
for! What is twioe^B equal to! How do youthen find i! ft. In 
lifth qiifEtion, what dooH x etanil fori How do jou find its vahiB? 
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C What number ia that which added to itself will give a 
sum equal to 60 ? 

7. What number is llial which added to it=elf will yive a 
sum equal td 100 ? 

8. What number added to itself will gii'K a sum cijiial to 8fl, 

9. What number added to itself A'ill give a sum equal to 25. 

10. What, number added to itself wili give a sum e.]U!il 
to 37J. 



LESSON 11. 

I. John and Charles together have 12 apples, and Charles 
has twice as many as John : How many has each ? 

If we now suppose the apples to be divided into three equal 
parts, it is evident that John will have one of the parts and 
Charles two. 

Let us denote by x the apples which J(>hn has. Then, 9a: 
will be equal to what Charles has, and x'-\-2x will be equal 
to all the apples. This equality i;; ilius expressed ; 

tliat is, 3a>=12 or a-=lr=4 

3 

therefore, John has 4 apples, and Charlss S. 

QrEBT. — 6. How Jo you fitiJ Ihe valiia of x in th? fitli quiationl 
S. HowinlheSlhl 9. How in the 9Ui 1 lO. How Uitho lOlli? 

QcEBTioss ON LESSON II. — J. Iiiio how maviy parts may we suppose 
tho IS apples to be ilivulcd' How many of the parts will Jolmhave? 
What is tlie value of each parti If X stands for one of the parts, wliai 
wilUtanii for two parts] What for three parts? If you have the Tuliie 
of Zx, hoff wit] you Rnd the value of xt 
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2. James and John liave 30 peara, and John has twice a! 
many as James : How many has each ? 

Here, again, let us suppose the whole number to he diviileJ 
into three equal parts, of which James must have one ])art. 
and John two. 

Let us then denote by a;, the number of pears which Janiftf^ 
has; then 2x will be equal to the number of pears which 
John has, and x-\-^X will be equal to the whole number of 
pears : and we shall have 

that ia, 3a:=30 or ic=^= 10. 

' 3 

3. Williacn and John have 48 quills between tliem, and 
John has twice as many as William : How maay has each ? 

Let the number of quilb which William has be denoted by 
X • then, since John has twice as many, his will be denoted 
by 2x, and the qwills possessed by both of ihem, by x+23: ■- 
Hence, we shall have 

x+2x=48; 

Ihatis, 3j=48 or a;=^ = I6. 

Hence, Wdlwm ha" 16 quills, and John 32. 

4. What number is tliat which added to twice itself, will 
give a sum equal to 60 ? 

Let the number souglil be denoted by a;, then twice thp 
number will be denoted by 2r, and we shall have 

x+2x=&0; 
that is, Sx=QO or it=^=20; 

and we see ihat 20 added to twice itself will give 60. 

QoKST. — 2. In question second, what ia theyalue of ono of Ihi: pEnN'/ 
3. What in quiation 3rd 1 4. How do you stale question 4th 1 
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5. John says to Charles, "give me your marbles and I sliall 
nave three times as many as I have now." " No," says 
Charles, "but give rae yours, and J sKall have just 61." How 
many had each ? 

Let the number of marbles which John has be denoted by 
X : then, ^x wil! denote the number which Charles has, and 
since tliey have 51 in all, wff write 
X-f 2a:=51 ; 

that is, Zx=5\ or x=^=17. 

6. What number is that which added to twice iiHelf will 
give a sura equal to 75 ? 

Lei the number be denoted by x : then, twice the number 
will be expressed by 2a^, and 

a; +23^= 75; 
that is, 3:c:=75 and x^A^IB. 

7. What number added to twite itself will give a sum 
equal to 90? 

8. What number added to twice itself wdl give a sum 
equal to 57 f 

9. What number added to twice itself will give a sum 
equal to 39 ? 

10. What number added lo twice itself will give a sum 
equal lo 21 ? 

LESSON III. 

1. If James and John together have 24 quills, and John 
has three times as many as James, how many will each iiave ? 

(JcF.sT.— 5- How do you slate question 5th? 6. Eiplain the 6lh ques- 
tion 1 7- Also the 7th. 8. What is the required number in tlie 8lli ? 
i». What LR the 9th? 10. What in the 10th? 
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It is plain that if we suppose the twenty-four quills to be 
divided in four equal parts, that James will have one of lh( 
parts, and John three. 

Let us now designate by m Ihe number of quills whici? 
James has: then 3x will demote the number of quilla wliici'i 
John has, and we shall have 

thai is, 4»=24 and 1=— =6. 

4 

2. What mimber is that which added to three limes itself 
will give a sum equal to 48 ? 

If we denote tiie number by x, we shall have 
x+3x=48; 

that is, 4i>=48 and a;=*§=12. 

4 

3. John and Charles have 60 apples between their, and 
Charles has three times as many as John: How many has 

If we suppose the number of apples to be diviiled into four 
equal parts, it is evident that John will have one of those 
parts, and Charles three. 

Let x= the apples which John has : then 3x will sianiJ for 
the apples which Charles has, and we shall have 

that is, 4i=60 and ^=^=15. 

4 

Hence, John will have 15 and Charle.s45. 

quKsT.— 1. IE the 24 quiila be divided into four eqaal piirla, how 
many parts will .John hatol Haw many will James have 1 Wlint i$ 
ench part equal to 1 3. If three times a number be added Ui the numliei, 
how many times will the nTimlwr be taken 1 If 43: is tqiial lo 48, what 
is the value o( x1 'A Explain the third que.i^on ^ If 4j; is equal to 
60, how da you find the valiw of z 1 



J h. Google 
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4. What number is that which heing added to three times 
Uf^elf will give a sum equal to 100 ? 

Let the number be denoted by x : th«n 
1 + 33:= 100; 

that is, 4i:=]00 and 1=1^=23. 

4 

5. What number is that which if added to four times itself, 
tlie sum ivill be equal to 60 f 

Let r denote ilifi Dumber. Then, 
a;+4r=60; 
that is, 5a;=:60 and x=- = 12. 

6. What number is that which being multiplied by 3, and the 
product added to twice the number will give a sum equal to 75 .' 

Let the number be denoted by x. 
Then, 3x^= the product of the number by 3 ; 
and 2x= twice the number; 
and 3^4-2r=6x=75; 

anil x^ — ^15, therequired number. 

7. What number is tliat which being added to three times 
itself will give a sum equal to 140 f 

8. What number is ihat which being multiplied by 5, and 
the product added to the number, will give a sum equal to 240 f 

9. What number is that which being multiplied by 2, and 
then by 3, and the prwiucts added together, will give a sum 
equal to 125 ? 

Qnisr.— 5- If a number be aJJal to four times il^lf, huw many limes 
will the number be taken I 6. If x stands for any number, what will 
«land forlhree times that number! What for twice the nuniberf t- 
explain the 7th question! How do you slate it! What is ix equal tol 
Why! How then do you find a; ! 8- How do you Btate the 8th question T 
What is 6a; equal to ! How then do you find ar ! 9lix denotes a number, 
what will stand for twice thenumhef ! What for three times (liBmiml>er 7 
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LESSON IV. 



1. Joliii all il Charles together have 80 apples, and Charles 
iias four times as many as John : How many has each ? 

It' we suppose the 80 apples to be divided into 5 equal 
parts, it is evident lliat John will have one of the parts, and 
Charles four. 

Let X stand for tlie apples which Johiii has : then 4x will 
stand for the apples which Charles hSs ; and 

1+4x^80; 
lliatis, 5x=80 and 3;=?^ 16. 

2. What number added to four limes itself will give a sum 
equal to 90 f 

3. What number added to live limes itself will give a sum 
e^ual to 120? 

4. What number added to six times itself will give a sum 
equal to 245 ? 

5. What number added to seven times itself will give a 
sum equal to 360 ? 

N.B. The questions in the preceding Lessons will give 
some idea of the questions to which Algebra may be applied. 

Quest. — 1. If X stands foi John's apples, what will denote Charles' T 
What will stand for the apples which they both have 1 If 5x is cquBl lo 
80,whatwillj;beequalto! S- If anumborbeadded lo4timesitself,how 
many times will the number be taken I If B limea a number is equal lo 
90, what is the value of the number? 3. Explain example 3n1. 4. 
Explain question 4thT What does X stand fori S. EipkuQ the 5th 
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CHAPTER I. 

Preliminary Definitions and Remarks. 

1. QUANTITV ia a general term applied to every thing 
which can be estimated or measured. 

3. Mathematics is the science of quantity. 

3. Aloebra ia that branch of mathematics in which the 
qnanlities considered are represented by letters, and the ope- 
rations to be performed upon them are indicated by signs. 
These letters and signs are called symbols. 

4. The sign + , is called phis ; ^nd indicates the addition 
of two or more quantities. Thus, 9+5, is read, 9 <plas 5, 
or 9 augmented by 5. 

If we represent the number nine, by the letter a, and 
the number 5 by the letter 6, we shall have a+h, which is 
read, a plus b ; and denotes that the number represented by 
o is to be added to the number represented by 6. 

5. The sign—, is called mimis ; and indicates that one 



QnBBT.— 1, What is quantity 1 2. What is MalhematicB 1 3. Whai 
im Algebrat What ate these letters and signs c^led ? 4. What does ths 
•ign plus indicate ' 5, What does the Eign minui indicate ' 
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quantity is to be subtracted from another Thus, 9—6 is 
read, 9 minus % or 9 diminished bj 5 

In like manner, a — b, iii rtad, a minus b, or a diminished 
by b. 

G. The sign x i is called the sign of mubtplicatton , and 
when placed between two quantities, it denotes that they 
are to be multiplied together 1 he multiplication of two 
quantities is aJso freqaenilj indicated by simply placing a 
point between them. Thus, 36 x 35, or 36,35, is read, 36 
multiplied by 35, or the product 36 by 25. 

7 . The multipHcation of quantities, which are represented 
by letters, is indicated by simply writing them one after the 
other, without interposing any sign. 

Thus, ab signifies the same thing as axh, or as a.b ; 
and ale the same as axbxc, or as a.b.c. Thus, if we 
= 36, and 6=35, we have 



ai^36x35=900. 

Again, if we suppose a:=3, i=3 and c=4, we have 

cic=3x3x4=24. 

It is most convenient to arrange the letters of a product 
in alphabetical order. 

8. In the product of several letters, as abc, the single let- 
ters, a, b, and c, are called factors of the product. Thus, 
in the product ab, there are two factors, a and b ; in the 
product abc, there are three, a. A, and c. 



Qdest, — 6, What is the sign of multiplication 1 What does the sign 
of muUipUcation indicate? In how many ways may multiplicstion be 
eiproEsed ! 7. If letters only are useil, how may their multi|ilicalion be 
expressed? H. In the product of seTeral letters, what is each leiii^r 
called ? How many factors in ali !--ln ahr ?— In ahal > — In abc-lfl 
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9, There are three signs used to denote division. Thus, 
o be divided by b. 



^b denotes that a 

denotes that a 

b denotes that a 



to be divided by b. 
lo be divided by b. 



10. The sign =;, is called the sign of equality, and is 
read, is equal to. When placed between two quantities, it 
denotes that they are equal to each other. Thus, 9 — 5 = 4 ; 
that is, 9 minus 5 is equal to 4 : Also, a+h=.c, denotes that 
the sum of the quantities a and b is equal to e. 

If we suppose aT=10, and 6^5, we have 
a+b=c, and 10+5=c=15. 

1 1. The sign >, is called the sign of inegualiCy, and is 
used td express that one quantity is greater or less than 
another. 

Thus, a>J is read, a greater than 6; and a<6 is 
read, a less jhan b ; that is, the opening of the sign is turned 
towards the greater quantity. Thus, if a— 9, and i=4, we 
write, 9>4. 

12. If a quantity is added lo itself several timus as 
a+a+a+a+a+a, we generally write it but once, and 
then place a number before it to show how many times it 
is taken. Thus, 

a + a + a + a-\-a = 5a. 



Qdest.— 9. How many signs are used in division^ What are theyl 
10. \^Tiat is the sign equality 1 When plated between two quantities, 
what docs it indicate' II. For what is the sign of ineqiiahlj used ! 
Which quantity is placed on the eide of the opening ? 13. What ia a co- 
efficient ! How many times is ah taken in the expression ai ? In 3uA ! 
In4ai? In Sail In6ai? If noco-efficitnlis «titwn, what co.eflicient 
b undrrsti)od ' 
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The number 5 is called the co-efficient of a, anil deiiotus 
lliat a is taken 5 times. 

When the co-eflicient is t it is generally omitted. Thus, 
a and la are the same, each being equal \o a, or to one a. 

1 3. If a quantity be mnltiplied continually by itself, as 
aXaXuXaxa, we generally express the product by writing 
the letter once, and placing a number to the right of, and a 
little above it : thus. 

The number 5 is called the exponent of ii, and denotes 
the number of times which a enters into the product as a 
factor. For example, if we have a^, and suppose a=3. 



a^ 


z=axaxa = 3^ = 3X 


If o=4. 


a3_43_4x4x4 


and for a=z5, 


a3=53=5x5x5: 



= 125. 

If the exponent is 1 it is generally omitted. Thus, a' is 
the same as a, each expressing a to the first powftr. 

1 4. The power of a quantity is the product which results 
from midtiplying the quantity by itself. Thus, in the example 

qS— 4^=4x4x4^64, 
64 is the third power of 4, and tlie exponent 3 shows the 
degree of the power. 

15. The sign ^/~~, is called the radical sign, and when 



Qdbst. — 13, Wliat does the exponentof a letter ehowl How many 
times is a 8 factor in ai'. In asl In at 1 In a«l If no ciponent is 
writlen, what eiponent ia understood! 14. What is the power of a 
(juantilyt What is the third power of 2! Eipresa the 4ih power of o. 
IS. Express the square root of a quantity. Also the cube root. Also 
the Wi root. 
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DEriKITlON Of TERMS. 13 

prefixed to a quantitj', indicates that its root is to be ex- 
itacted Tims, 

■^a or simply ■/<'" denotes the square root of a. 
•y/a denotes the uubo root of a, 
•y/o" denotes the fourth root of a. 
The number placed over the radical sign is called the tn- 
dex of the root. Thus, 2 is the index of the square root, 3 
of the cube root, 4 of the fourth root, &.u. 
If we suppose a^::64, we have 

V'C4"=8, -^M — i. 
IG. Every quantity written in algebraic language, that 
is, wiih the aid of letters and signs, js called an algebraie 
quantity, or the algebraic expressiun of a quantity Thus, 

„ i is the sigebraic e\preasion of three times 

t the number a ; 
.■^ ( is the algebraic expression of five times 
( the square of a ; 

r is the algebraic expression of seven times 
li^li^} thfptoduct of ihecubeof aby the square 
' ofi; 

_ ., i is llie algebraic expression of the difference 

t between three times a and five times b; 
i the algebraic expression of twice the 
square of a, diminished by ihree times 
the product of a by b, augmented by four 
times the square of 6. 
1, Write three times the square of a multiplied by the 
cube of b. Ans. ^a%^. 

Qwest,— 1ft. Whai is an algebraic quaiiuty' Is bah tn Blgebraic 
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14 ELEMENTARY ALOEBRA. 

2. VV riip nine timos die cube of a muliiplied by 6, dimin- 
ished by the square of c mullijiiii'd by d. Ans. 9(^h~~e^ii. 

3. If a^3, b=:3, and c^5. what will be ihe vahie of 
3a« multiplied by 6= diminished by a multiplied by '■ multi- 
phed by c. We have 

3a^b^—abc — 3x'i^ X 3^ — 2 X 3 X 5 = 78. 

4. If a=4, 6^6, cz=7, d:=&, what is the value of 
9<i^+bc~adJ Ans. 154. 

5. If a = 7, hz^3, c = 7, ,l=\, what is the value of 
6ad+3o'^c—4tl:^l Ans. 227 

6. If rt=5, 4=6, c-6. d=D, what is the value of 
<iehc—8>id + 4Lcl Ans. 1564. 

7. Writs ten times ihe square of a into the cube of b into 
c square into d'. 

17. When an algebraic quantity is not connected with 
any other, by the sign of addition or subtraction, it is called 
3 monomial, or a quaniily composed of a single term, or sim- 
ply, a term. Thus, 

3a, 5a\ 7uW, 

are monomials, or single terms. 

18. An algebraic expression composed of two or more 
parts, separated by 'he sign + or — , iscalled a polynomial, 
or quantity involving two or more terms. For example, 

3a— ou and 2a" — 3cb + 4b'^ 
are polynomials. 

19. A polynomial composed of two terms, is called a bi- 
niimial ; and a polynomial oT three terms is called a trinomktl. 

Quest.— !7. ■HTiai is a monomial? la 3«A a inonomiaf 7 18. What 
ia a polynomial^ Is 3u— A a polynomial! 13. Whul is a binomian 
What is a trinomial ? 



J h. Google 



DPflVITIO^ (IF TKJIMS, 15 

20. Each of the literal faetiirs which compnsR a term is 
called a HiTJirnsion of this Ifinn : and ihe degree of a term is 
the number of these factors «r dimensions. Thus, 

I of one dimension, or of the first 



a term of two dimensions, or of tiie 



3a J 



1 second dogree. 
• ,. j__ . J is of six dimensions, or of the sixth 
t ■ degree. 

21. A polynomial is said to be homogeneous, when all 
its terms are of the same degree. The polynomial 

33— 2i+c is of the first detp-ee and homogeneous, 
^4aA+''^ is of the second degree and homogeneous. 
Sa^c— 4<^+3cM is of the third degree and homogeneous, 
8a^ ^-Aah-'rc is not homogeneous. 

22. A vinculum or b-ir , or a parenthesis ( ), 

is used to express that dU the terms of a polynomial are to 
be considered together Thus, 

i+TT+^y/,, or (n+h+c)xb, 
denotes that the trinomial a-\-h-\-c is to be multiplied by b ; 
tdso, a + i + cxT-HM-;/; or (^ + i + c) X (c + ^+/), 
denotes that the trinomia! a-\-b-\-c is to be multiplied by 
die trinomial o-\-d-^f. 

When the parenthesis is used, the sign of multiplication 
b usually omitted. Thus, 

(„ + /, + c)xfi is the same as {a + b + c)b. 

QossT. — 30. \\'hal is the dimension of a teini \ What \a ihe rtBgree 
of < tarm! How many factors in 'iabct Which are tliey! What 
isitsde^cel 21. Wheuisa polyuoinialhomogeoeo^is' Isthepolynu- 
miaJ ^iHb+SaSl/i homagenooiis ? Is 2aib — l>^. 23. For what ia' th# 
nBCuimn or har used ' Cjn you express rhe same with the parenthesist 
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23. The terms of a polynomial which are composed of 
tlie same tellers, [he same letters in each being affected 
with like exponents, are called similar terms. 

Thus, in the polj-nomial 

the terms lab, and Zab, are similar : and so also are the 
terms — 4fl^6^ and 5a'6^, the letters and exponents in both 
being the same. But in the binomial %a%-^lal>^, the 
terms are not similar ; for, although they are composed of 
the same letters, yet the same letters are not affected with 
like exponents. 

24. When an algebraic expression contains similar 
terms, it may be reduced to a simpler form. 

I. Take the expression 3ab+2ab, which is evidently 
equal to 5ah. 

3. Reduce the expression 3ac+9oe-t-2o(; to its simplest 
form. Ans. \Aac. 

3. Reduce the expression ahc-\-Aabc-{-5ahc to its s'm- 

!n adding similar terms together we obc 

ta.ke the sum of the coefficients and iabr 

aimex the literal part. The first term, babe 

abc, has a coefficient 1 uitdersiood, 1 Qabr. 

(An. 12). 

25. Of the different terms which compose a polynomi'.il. 
some are preceded by the sign +, and the Others by thu 
sign — , The first are called additive terms, tlie otlicrs 
sub tractive terms. 

Quest.— 23. What ere similar tanns of a polynomiaj ' Are 3«5/.! 
BTid 6aa4i siniilat ! Are Susfts andaaSiM 34. If the [enas arepwiiiK 
uid similar, may they ho reduced io a iiuiplrir form ' ill wli;u wnv ' 
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DEFINITION OF TERMS. 11 

The first term oPa polynomial is commonly not preeeded 
by any sign, but then i: is understood to be afiected with the 
sign +. 

1. John has 20 apples and gives 5 to William; how 
many has he left ? 

Now, let lis represent the number of apples which John 
has by a, and the number given away by b : the immber he 
would have left would then be represented by a — i. 

2. A merchant goes into trade with a certain sum of 
money, say a dollars ; at the end of a certain time he has 
gained b dollars : how much will he then have ? 

Ans. a + b dollars 
If instead of gaining he had lost 6 dollars, how much 
would he have had ? Ans. a — b dollars. 

Now, if the losses exceed the amount with which he 
began business, that is, if b were greater than a, we must 
prefix the minus sign to the remainder to show that the 
quantity to be subtracted was the greatest. 

Thus, if he commenced business with $2000, and lost 
$3000, the true difference would be —1000 ; that is, tlie 
subtraciive quantity exceeds the additive by $1000. 

3. Let a merchant call the debts due him additive, and 
the debts he owes subtractive. Now, if he has due him 
$600 from one man, $800 from another, $300 from another, 
and owes $500 to one, $200 to a second, -and $50 to a 
third, how will the account standi Ans. $950 due him. 

4. Reduce to its simplest form the expression 

3a^6 + 5a^b—3a^l) + 4<j^i — Cu^J - a^b, 

Qdkst.— 35. WTiat are the terms called which ara preceded bj the 
sign +? 'What ate the terms called which are preceded by the sign — 
If no sign L3 preiiied to a term, what sign ia understood ? If some of the 
terms are additive and some suhtractiTe. may they be reduced if Bimilar ? 
Give the rule for tedueui? them. Docs the reduction •ffftct the exjw- 
neiite, or only ihe co-fliri-nrfl ' 
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ELEHEnTAHV ALREBBA. 

Sttbtractive trmu, 

- 3a»6 

- 6^b 

- ^b 
Sum — lOa^b. 

But, ISa^i— 10a=i = 2a2i. 

Hence, for the reduction of the similar terms of a polyno- 
mial we have the foEowiiig 

RULE. 

I, Add together the co^derUs of all the additive lerma, 
and annex to their sum the literal part ; and form a single 
aubtractive term in the same tnamier. 

n. TTieti, sidilract the less coefficient from the greater, 
and to the remainder prefix the sign of the greater co- 
^ffident, to which annex the literal part. 

Remark. — It should be observed ihat the reduction aiTects 
only coefficients, and not the exponents. 



t. Reduce to its simplest form the polynomial 

+ 2a36e' — 4o3ic^ + 6a3ic2 — 8a3 Jc2+ 1 1 flS jc^. 
Find the sum of the additive and subtractive terms sepa- 
rately, and take their difference : thuS, 

Additive terms. Subtractive terms. 

+ 2aHc^ — 4u=ic2 

+ 6a3ic2 — 8a^bc' 

+ llo3Sc= Smn — i2g3fa» 

Sum +I9a^bc' 

Hence, the given polynomial reduces to 
\9a^c'^ — l2a^bc^=t^be* 
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ADDITION, 19 

2. Reduce the polynomial 4a2i — 8a=i— Qu^i+lla^S to 
its simplest form. Ans. — 2o^i. 

3. Reduce the polynomial 7abc^ — a6<^— 7u6c^+8iific" 
■\-6abc^ to its siinpiest form. Ans. 13aic'. 

4. Reduce the polynomial 9cP^8ae^+\5cti^-\-8ra -\-9ac'' 
— 24ci= to its simplest form. Ans. ac^+Sca.' 

The reduction of similar terms is an operation peculiar to 
algebra. Such reductions are constantly made in Algebraic 
Addition, Subtraction, Multiplication, and Division. 



26. Addition in Algebra, consists in finding (he simplest 
equivalent expression for several algebraic quantities. Such 
equivalent expression is called their sum. 

1. What is the sum of 

3ax+2ub and -2iix-\-ab. 

3ax-i-2ab 

We reduce the terms as in Art. 25, —Zax+ ab 

and find for the sum ax-j-Su^ 

2. Let it be required to add together \ , 
the eiqtressiona : ) 

The resuh is 3a+56 + 2c 

an expression which cannot be reduced to a more simple 



QuBBT.— 26. What is addition in Algebra ? What is such simplesi 
uid squiTBlent oipression called ) 
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so BLEKE.NTABV AI.OBBBA, 

r 4a=J» 

Again, add together the monomials ) 20^^ 

The result after reducing (Art. 25), is . . Ida'b'^ 

, . , , ( 2a2-4a6 

3, Let It be reqmred to find the stim \ „ ^_^ ,, .^ 

of the expressions ) " ". ., 

Their sum, after reducing (Art. 25} is . 5a''~-bab~4h^ 
27. As a course of reasoning similar to the above 

would apply to all polynomials, we deduce for the addition 

of algebraic quantities the following general 

RULE, 

I. Write down the quantities to be added so that the similar 
terms shall fall under each other, and give to each term its 
proper sign. 

II. Reduce the similar terms, and annex to the results the 
terms mhich cannot be reduced, giving to each term its respec- 
tive sign. 

EXAMPLES. 

1. What is the sum of Zax, tax, —2ax and Max. X 

A71S. 19«r. 

2. What is the sum of Aab-\-Sac and 2ah~lac + d. 1 

Ajis. &ab^ac-\-d. 

3. Add together the poljmomials, 

3a3 — 24^-4ai, 5a«-6H2ai, and SaJ — 3c'-2R 
The term 3o^ being similar to f „,- , , „,„ 
S.', we writ. 8.- for th. re.ul. '* 7*' "'t 
of the rcJucnon ofth.BeWo l.rms,^ ^ 3»J-2*'-3.' 
.1 the s.T.e tim. .l.gtely crcsmg , .i.^M lZTi? 
them, as in the first term. (_ ■— — — 

Quest,— 27. Give the rule for ttie ndduion of Algebra it quBnliiit*. 
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Pasaing thpti lo the lerm — 4oJ, whicli is si:iiilar to-{-2al> 
and -|-3oi, the three reduce xo -\-ab, which is placed after 
80^, and the terms crossed liku the first term Passing 
ilien to the terms involving b\ we find their suin to be 
—5h\ aJ"ter which we write —3c*. 

The marks are drawn across the terms, that none of thein 
may he overlooked and omitted. 

(4) (5) {6} (7) (8) 



5a 



(9) 

7abc-\-9ax 

—3abc—3ax 

4cibc+eaa: 


(10) (11) 
8aw + 3h 12a- 6c 
5ax-~Qb -3a- 9c 
.3ax-6b 9u-15c 


Note.— If a=5, bz 
of the several sums abi 


=4, c=2, a;=l, what are the vahies 
}ve found. 


( 12) 

9a +/ 
-6a+g 

a+g 


(13) 

dax— Bac 

■lax- 9ac 

ax+l7ac 




(14) 
3«/+ g +m 
ag~Zaf—tn 
ab- ag-^Zg 
'abVig 


(15) 

7x+3a6+ 3c 

-3«-3ai- 5c 

5it-9a6- 9c 

9x:-9ab-Uc 


- 


(16) 
83;2-f 9acx^l3a%H^ 
-lx^ — \^aex^\4a^hH^ 
-4«=+ 4acx—ma^hH^ 
-3ir^+ + 7a%H^ 


(17) 
a2ft-3c-7/+3„. 
- 3A-i-8e-2/-9°'+5ai 
19A4 6e~9f~6g+5x 


(18) 
\^ah^^3<i^b*-Ba^ 
— \7aW'-9a^h*-^9axi 
2flA^-6a36^+ a^ 
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ALGEBRA 


(19) 


(20) 


7a:-9y+5^+3- g 


8«+ ft 


- *~3y -8- g 


2,-, ?,+ c 


' a:+ y-32 + l+7g 


-3</+ b +2d 


-2a;+65<+3j-l- g 


-6b-3r.i-2d 


!r + 8y-5z + 9+ g 


_5„ +7c-8rf 


4r+3y+0 +4 + 5^? 


2a — ^lj + bc-~3d 



21. Add together — i + 3c — rf — lI5c+6/-5g-, 3h — 2c 
_3d— e + 27/, 5c— 8(i+3/— 7^, — 7i— 6c + 17rf+9tf— 5/ 
+ ng^, —3b—6d—2e+Gf~0g+k. 

Am. —8b-lOQe+37f-i0g+h. 

22. Add together the polynomials 7aVi^3alic^8b^c—9c^ 
+ c<P, 8abc—5a^b-i-3c^—4h^c + c/P and 40^6 — Sc'+W^c 
—3d\ Ans. Ga^b+5abc~3b\—l'ic^+2cd'~3d\ 

23. What is the sum of Sa^c+ehx—laf, — 3o=6c— 66x 
+ \4af, — o/+9ia:+2a=6c, +6a/— 86a: + 6a'ic. 

jlns. lQa^bc + b3:+15irf. 

24. Whalisthesnmof oV + Sa^m + J, — Ga2n2_6a3m— ft, 
+ 9i-9a^m— 5«=n=. ^»s. —lOff^nS — 12nSm+9J. 

25. What is the sum of 4a^b'^c~16a*x—Qag^d, +6a^\ 

Ans. a^h+axM. 

26. What is ihe sum of -7g+3b-\-'ig—2b, +3g 
— 3i-l 2ft. Ans. 0. 

37. What is the sum of ah + 3xi/~m—n, — 6xy— 3hi 
-f-nn + crf,* + 3a;y + 4m— 10n+^. >ln«. aft + c(i+_4'. 

28. Whatis the sumof 4«i/+n+6oa;+9«»n. ~6xi/+6n 
— darSiim, 2xi/—7n-\-ax—am. Ans. +4W. 
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srBTRACTJo.v. S;i 

■29. Add the polynomials I9a^^^l — I2a'cb, 5o'j:^t+14A« 

-lOax, — 2a=i3&— 12o3,-6, and —I8a^3:^h — I2a^ch + Qa^. 

Ans. 4:a^l:^~22a^eh-ax. 

30. Add together 3a + h + c, 5a+2b + 3ac, a+c + ac, 
snil— 3a~9ac— 86. Ans. ea — 5l,+2e—5a.c. 

31. Add together &aV,+Gc3:+9bc\ 7cx-8a% and 
— '!5cx—Shc^+2a^b. Ans. —a^b — Zn. 

32. Add together Sax+5ah+3ifl/>^ei, —I8ax + Ga^ + I0ah 
and l0ax—l5ab — 6aV-\^. Ajk. — Sa^iV+G^^ 

33. Add together 3«2+-5fl5iV-9a3i,7a=—8a=i%2—10a% 



SUBTRACTION. 

28, Subtraction, in Algebra, consists in finding the sim- 
plest expression for the difference between two algebraic 
quantities. 

Thus, the difference between 6a and 3a is expressed bv 
6(7 — 3a = 3a; 
and the difference between 7a'b and ^a^b by 
7a^b~3a^ = 4aV^. 

In like manner the difTerence between 4a and 3b is 
expressed by ia—Sb. 

Hence, If the quantities are positive and similar, subtract 
the coefficients, and to their tUference annex the literal part. 
If fhey are not similar, place the minus sign before the qiiantily 
to be sjihtracfed. 

Quest.— aa In what does subtraction in Algebra consist ? How do 
yim find this difTerence when the quantities are positive and similar 1 
Wl:en thev urc not similar, bow do yoii eipress the difference ? 
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( I ) ( 2 ) ( 3 ) 

From Zah fir/r ^'ihr 

lake 3oJ 3aic lahc 

Rem. ~a6 3oa '^ii/'c. 

(4) (5) (fi) 

From 16a=i'c llfPPc 24o'/-^.t 

take 9a^i% 3a^?.^c 7a't% 

(7) (8) (91 

From Sua ^ahx 2am 

take Sc 9«c ax 

Rem. 3^1^^ 4ai3; — 9ac 2am -"<ij^-" 

20. Let it be required to subtract from 4a 

the binomial 24 — 3e 

The difference may be put under the form 4a — (2* — 3i:}. 
We must now remark that it is the difference between 2S 
and 3c which is i* be taken from 4a. 

if then, we write 4a— 26, 

we shall have taken away too much by the units in 3c ; 
hence, 3c must be added to give the true remainder, which 
is 4«--a+3e. 

To illustrate this example by figures, suppose a=5, 
A^5, and c^3. 

We shall then have 4a^20 

aud , ■ 2b-3c =1 0—9 = 1 

which may be written . 4a~(2h-3cY-20~i ^19. 

QuBBT. — 39. If ib — 3c is to be taken from 4a, what ispropnaed in 
be lione? If jo" snbli-act 2A from 4a. hnvc you taken too mucliV 'Aov 
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SUBTRACTION. 25 

Here it is required to subtract I from 20. If, then, we 
subtract 2i=i0, from 4a=20, it is plain that we shall 
have taken tflo much by Sc^O, which must therefore be 
added to give the true remainder. 

30. Hence, for the subtraction of algebraic quantities 
we have the following general 



I. Write the quantity to he subtracted under that from vih'wh 
it is to be taken, placing the similar terms, if there are any, 
under each other. 

n. Change the signs of all the terms of tite polynomial to 
be subtracted, or conceive them to be changed, and then reduce 
the polynomial result to its simplest form. 



From 
Take 


(1) 

6ac-5a6+ c^ 


m 

III 


(1 ) 

Gac — 5ub+ c'i 
— ■iac — Hnh — lc 


Rem. 


Zac~8ab-\- c^—7c. 


From 
Take 

Rem. 


(2) 

-2ax-a-ltx+2b''. 

(4) 

-2a^ + 3a'b- Bb^c 
7a^-7a^+nb^c. 


(3) 
6yx~3afi+5b 
y.-3 + a 
5yx-3x^ + 3 + ah~a. 


From 
Take 
Hem. 


(5) 
4ab— cd+3a^ 
5ab—4cd + 3a'' + 5b^ 
- ab + 3cd-5b\ 
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20 ELEMENTARY ALGEBHA. 

6. From 6am-^y take 3am — x. Ans. 3om + K + y. 

7. From Sua; take 'Mx — v- Ans. +y 

8. From la^h'^ — x^ take ISaW-^-x^. 

Anx. — I'.oU^ — 2a=. 

9. From —If+^jn — Bx take — 6/— 5m— Sj' + Srf+S. 

^M. -f+Bm-Qx — id-B 

10. From — « — 5&+7c — rf take 4t — c + 2ri+2A. 

Jjij. — n — 96 + 8c — Si/— 2* 

11. From . . — 3a+i— 8<7+7t— 5/+3A— 7.r— 13y take, 
* + 2a — 9c+8e — 73; + 7/— y — 3/— A. 

Anx. _5«+i + c— e— 12/"+3A-]2i/+3i 

12. From a+6 take a — h. Ans. 2b. 

13. From 2a:— 4a— 26+5 take 8~5fi+a+63;. 

j4nj. — 43;- 5a+3S— 3 

14. From 3a+S+c— </— 10 take c-\-2a—d. 

Ans. a-fJ — JO 

15. From 3a+fi+e— li-lO take S— 19 + 3a. 

jIm. c— d+9 

16. From 2ai + ft^— 4e+Sc— * lake 3u«— c+R 

Ans. 2a6— 3a^— 3c+ie— S. 

17. From a' + Si^c+ofi^—oSc lalte V^ab^—ahc. 

Atis. a3+3i2c_H 

18. From 12,r+6a~4t+40 take 4J— 3a+4a:+G^— 10. 

19. From 2a:— 3a + 4i + 6c — 50 lake 9a + a;+6ft — 6e— 40. 

Anj. X— 12a— 26+ 12c— 10. 

20. From 6u— 46— 12c+12s lake 2ic— 8a+4i— 6c. 

An*. 14a— 86— 6c+10x. 

31. From 8a&c — 1263a + 6ca!— 73;y take 7cx~xy—\^Pa. 

Ans. 8ahc + h'a — ca~Gxy 
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SUBTRACTION. 



31. By the rule for subtraction, polynomiala may I 



subjected l< 

For example, 
becomes . . . 
[nUke 



or, agam. 
Also, . . 
becomes 
Also, . . 
becomes 



6a2— 3ai + 2J^ — 2ic, 
6'i^—{3ah — 2h^ +2fic). 
7a3— 80=6- 4f)^c + 6i\ 

8«'_ 7A3 + c -d, 
Sa^-[7h'' - c +d). 
963- ^ j^ 3^2 _^_ 
9^1— {n - 3a= +<?). 



33. Remark. — From what has been shown in atldiiion 
and subtraction, we deduce the following principles. 
, 1st. In algebra, the words aild and stem do not always, as 
m arithmetic, convey the idea of augmentation. For, if to a 
we add — b, we have a — b, which ia, properly speaking, a 
difference between the number of units expressed by a, and 
the number of units expressed by b. Consequently, this 
result ia numerically less than a. To distinguish this sum 
.rom in arithmetical sum, it is called the algebraic atim. p37 

Thus, the polynomial 2a*— 3(i^6+3i^e is an algebraic 
sum, so long as it is considered as the result of the union 



Quest.— 31. How may you clianfiP the form of a polynomial 7 33. In 

tic? What is the algebraic aiim of 9 ami —4? Of 8 and —2' 
May an algebraic sum ever be negative ? What is the sum of 4 onrt 
— 8 ! Do the words subtraction and difference in algebra always con- 
voy the idea of diminution ? What is the algebraic difference bolweoo 
8 ajid —4? Belween a and — *? 
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of the monomials 2a^, — 3ui^i, -t-Hb^c, with their respec- 
tive signs ; and, in its proper acceptation, it is tlie arilhincti- 
cai difference between the sum of the imitf contained in the 
additive terms, and the sum of the units contained in the 
subtracts ve terms. 

It follows from ihis, that an algebrwc-. sum may, in ihfe 
numerical applications, be reduced to a negative number, oi 
a number affected with the sign — . 

2nd. The words subtraction and difference do not alwayt 
convey the idea of diminution ; for, the numerical diferenct 
1 +a and —6 hoing a-\-b, exceeds a. This resiiil 
n algeJiTaic difftrence^ and can he put under the form of 

a~.{~h) = a + h 



MULTIPLICATION. 

33. If a man earns a dollars in one day, how much 
will he earn in 6 days ? Here it is simply reqtiired to re- 
peat the number a, 6 times, which gives 6a for the amount 
earned. 

1. What will ten yards of cloth cost ate dollars per yard l 

Ans. 10c dollars, 

2. What will d hats cost at 9 dollars per hat? 

Ans, 9d dollars. 

3. What will b cravats cost at 40 cents each ? 

Ans. 40h cenis. 

4. What will b pair of gloves cost at a cents a pair 1 



Quest.— 33. What ia the abject of multiplication in algelira 1 II » 
man earns a dollars in one day, how mnch will ho earn in 4 dayel In 
B i3avs 1 In 6 <J;ivs ' 
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Here it is plain ihat the cost will be found by repeating h 
as many limes as tliere are iinils in a : Hence, the cost is 
all cents. Ans. ah cents. 

Note.— If we suppose a=6, c=A, and d~2, wh^-t would 
bi; ihe numerical values of the above answers ? 

5. If a man's income is 3a dollars a week, how mnch 
iviil It be in4i weeks. Here we must repeat 3a dollars as 
ny.\\\y times as there are units in 4J weeks ; hcnco, the pro- 
diii;L is equal to 

2ayAb = l2ah. 

3f we suppose a = 4 and 4^:3 the prodnol will be equal 
to 144. 

:S4. Remark. — It is plain that the product VZah will not 
be altered by changing ihe airan'^fiment of the factors ; that 
is, 12aS is the same as ahy.lQ,, or as hay.12, or as 
flXl2x6 (See Arithmetic,^ 22). 

35. Let us now multiply ^aW by 2a'S, which niay be 
placed UQder tho form 

3a'i=X 2a=S — 3 X 2amahhh ; 
m which a is a factor four limes, and h a factor three times : 
hence (Art. 13). 

2a^V^X'ia^h^2x'iaambhb-&a'-h\ 
in which, WW multiply the co-efficients togelker and add thf 
exponents of ike like letters. 



Quest.— 34. Will a podtict be altered by chan^ng llie airangenmni 
.fthe factorsl Is 3n6 the Eame as 3Jal Is it the sameaaaXSA! 
^8 ix3o 1 35. In multiplying monomiala what do you do with the co- 
elRciontsI What do you do with the eipononts of the common letters ? 
If a letter is Tound in one factor and not in the nthcr. ".hat Ao you do f 
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nultiplication of monomials, we have the 



Heijce, for the 
following 

RULE. 

r. Multiply the coeffideMs together for a netv coefficient. 

II, Write after this coefficient all the letters which enter 
into the multiplicand and multiplier, affecting each with 
an exponent eqvcd to the sum of its exponents in both fae- 



EXAMPI,Eg. 




1. Sa'bex 7ab<P=SGt^b^c'<r'. 


2. ^Wb'cdx 8ab)^= l68«'6Vrf. 


3. iabcK'idf = 2Soic. 


V- 


(4) (5) 


(6, 


Multiply 3a^ 12o% 
by 2a^b 123:=y 


&axy^z\ 


(7) (8) 


(9) 
87flw'y 


10. Multiply 5a=i=a^ by &c^aK 

11. Multiply 10«*fi5cB by 7ar.d. 
!2. Multiply 'Sa^bxy by ^a'bxy. 

13. Multiply 36«ejic^ds by 20o6V<i'. 


Ans. SlflSfiVY''. 
An5. 720aS*3cBrf' 


14. Multiply •l'la:cyz by ^aVi'^c^d'^xyz 
Ans 


. 243a36%2^^Y2i 


15. Multiply XZa'V'c by Bahccy. 


Anj 104n*63ra:y 



J h. Google 



MUI.T1PL1CATI0N. 81 

16. Multiply W^b^cd by \2a'x't/. Ans. 240a'6'rds-'jf. 

17. Multiply Ui^lMSj by "iMc^xSj. 

Jlns. 280«'6V(?:r'/. 

18. Multiply Sfr'sy by 7(i'lixy^. Ans. ^Qd'b'xif. 

19. Multiply 75axi/z by ^lefbcdafy'. 

^m. ?<7Mbcd3^}fz. 

20. Multiply 5\^V by 9^b<?y^i/. Ana. Amal'bi^x'y. 

21. Multiply 3a'6y by \Habx. Ans. 36a'6'iy'. 
23. Multiply Ma'mVys by 8a6'c'. 

.5ns. 512a'6=c'mVy2. 

23. Multiply 9a^6'c'<f by I'ic^b^cK Am. 10So^&V"(P. 

24. Multiply 216a6V(f by So'fiV. .Sjis. 648a'6V(P. 

25. Multiply TOaSJ'c"^^ by 1 2n'^"c3d,i^=y3. 

Ans. 840a"i'2£''(;y»:3y3, 

36. We will now consider the most general case of two 
polynomials. 

Let a represent the sum of all the additive terms of the 
multiplicand, and 6 the sum of the subtractive terms. Let c 
denote the sum of the additire terms of the multiplier, and d 
the sum of the subtractive terms. The multiplicand *ill 
then be represented by a — b, and the multiplier hy c — d; and 
it is required to take a — b as many times as there are units in 
c—d. 

Let OS first lake a — 6 as many times a — b 
as there are units in c. c — rl 

We begin by writing «e, which is j,j. jg 

too great by 6 taken e times; for it is ^dd+bd 

only the difcenee between o end 6 „_j,_„,+m. 

ivhicfl IS to be taken c times. Hence, — 

ac — be is the product of a — b by c. 

But it was proposed lo take a — b only as many times as 
there are units in the difference between c and d: hence tte 
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last product ac — be is too large by a — 6 taken d times ; wiiich 
without regarding the sign of d, is atl — &d. Clianging tht 
signs of this last product, and subtracting it from that of a — 6 
by c (Art. 30), and we have 

{a-b)X(c-d)=^ac~bc—ad+b<l. 

37. Hence, we have the following rule for the signs. 

WJien two lerms of tlte multiplicand and multiplier are 
affected with the same sign, the corresponding product is 
affected with the Hgn +; and when they are affected with 
contrary signs, tlw product is affected with the sign — . 

Therefore we say in algebraic language, that + multiplied 
by H-, or — multiplied by — , gives + ; — multiplied by 
+ , or + multiplied by — , gives — . 

Hence, for the multiplication of polynomials we have the 
following 

KULE. 

Multiply all the terms of tlte multiplicand by each term of 
the^muUiplier, observing thai like signs give plus in the pro- 
duct, and unlike signs minus. Then reduce the polynomial 
result to its simplest form. 



1 Multiply 3«'+ 4a&+6^ 

by a« + M 

The product, after reducing, . -]- l 5a'6+20fl6''+5&' 

becomes G(^ + 2;)i^^i + ^ab' + 5?''; 

Quest.— 37. What does + multiplied by 4- give? + multiplied 
by — ! — multiplied by -j-? — multiplied bj — J Give tlie rule lb» 
the multiplication of polynomials. 
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3. Multiply x'+3o.r+a= by x+a. 

n. Multiply a^+^ hy x+y. Am. 3*-\-x\j'-Yxhj\t/. 

4. Multiply 'ita?-\~Q(^e by 3a6'+3aV. 

5. Multiply (fb^^&d by a+6. 

Am. <^'b^-\-aed\db''-\-hed. 

6. Multiply Saa^+OwiHeiP ty Go^c'. 

7. Multiply 64a'iK'+37a'3;+9a6 ly So'crf. 

^?is. 513a*e(;ar4-216a*crfx+72a'Scrf. 

8. Multiply a'+3aa:+a!= by a-\-x. 

Am. o'+Sa'x+aajK^+a^. 

9. Muittply a=+3a'x+3osc=+ar' by o+a^. 

^ns. a'+4a'a;+tiaV+4ft:B'+a.''. 

10. Multiply ar'+y by x+y. Am. x'-\-s'if-\-^-^f. 

11. Multiply x^+a^°+7ff3T by M+Scfx. 

^ns. 6oa;°+6axy+42aV. 

12. Multiply «=+3n'fi+3«?/+6' by «+6. 

13. Multiply ar'+jr'^ + xy^ + y' by x+jr. 

14. Multiply i'+&T'+ar+3 by 3x+l. 

.',V(.s. ;U'*+7xH5a:- + ]0x+3 



1. Multiply 2((X — 'Anh 

by :ix — /'. 

The product C«x=— 9rt6a: 

becomes after — 2ft6a:+3c&' 



reducing Qa^—\\dbx-\-'Sa}?, 
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2. Multiply a*—2P by a—b. 

Ans. a^—2aP--a.^b+2b' 

3. Multiply a=-3i-7 by x-2. 

Ans. x^—-5x^ — x-{-'i.4 

4. Multiply 3a^ — 5ah + 2b^ by a'-^ab. 

Ans. 3o^-26a3i + 37a=6=-i4a*' 

5. Multiply h^-+b'>+b^ by b^-l. Ans. b^—b^ 

6. Multiply i:*— a»'y + 4i^y^ — Sa'j/^ + ieji' by ffi+2y. 

^ns. ar' + SSy^ 

7. Multiply 4a:^— 2y by 2y. ^ns. 8i:^y — 4y=. 

8. Multiply 2j^+4y by 2x—4y. Ans. 4a"^— 16y^. 

9. Multiply x^+(c^y+xi/+^^ by x—y. 

Ans. x*-y'. 

10. Multiply ar'+a^y+y^ by x^—xy+y^. 

Ans. a^ + 3^y2+y' 

11. Multiply 2a^ — 3ax + 4x^ by 5a^~6ax~2x'. 

Ans. 10a' — 27a%+34aV — ISaa;' — Sir". 

12. Multiply 3x^—2xy-^5 by a;2 + 23;y— 3. 

.dits. 3i'+4»:3y— 43;2— 4a^y5+16iri/— 15. 

13. Multiply 3«3+3*y+3y= by 23:3_3j,2yS_|_5y3 

"*■ ^ 15a;y — 9aV + '0sV+l5y- 

14. Multiply 8ax--6ah—c by 2aT+o6+c. 

Ans. i6a^x^—4a^bx~eaW+6acx — 7t!bc-~t:^. 

15. Multiply 3q'— 562+3c2 by a^—b\ 

Ans. 3Q*-8a=JS+3aV + 5i'-3/.V. 

16. .3a^-~5hd+ cf 

— 5a^+4M-8^./: 

Pro.rcd. — 15a'+37a=M— 29n=c/-206^<P + 44fa J /— ec y=. 
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38. Ty finish with what has reference to algebraic mul- 
tipiication, we wil! make known a few residta of frequent 
use in Algebra. 

Let it be required to form the sqtiare or second power of 
die binomial (a+i). We have, from known principles. 

That is, the square of the sum of two guantities is equal to 
the square of the first, plus twice the product of the first by the 
second, plus the square of the second. 

1. Form the square of Sa+3&. We have from the rule 

(2a -\-2hf = 4a* + \2ah + 9R 

2. [pah+2acf =35a=6*+ ^Oa^hc+ QaH\ 

3. (5a«+8a2J)2 ^25a* + 80a^i +64<i^R 

4. {6iM + 9a%=}2 = 36o%= + 108aV + 8Io'3r'. 

30. To form the square of a difference a — h, we have 
{a~hf=ia~l) {a~'h)=a^-2ab-{-h\ 

That is, tits square of the difference between two quantities is 
equal to the square of the first, minus twice the product of the 
first by the second, plus the square of the second. 
1. Form the square of 3a— 16. We have 

(2a-&)^=:4a=-4ai + *^. 
3. Form the square of 4ac— Sc. We have 
(4ai; — 4c)5 ^ 1 6aV — 8a6cS_|. js^s. 
3. Form the square of 7a^J^— 12ai3. We have 
(7a^62— I2aJ3)^^49a'S'-168a'S=+144a=5«. 

Quest.— 38. What is Ihe equaro of the sum of two quantities c^ual lo7 
39. What is tho square of the itjfference of two quantities equal to 1 
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40. Let it be required to multiply a+b by a—b. Wa 

(a+h)x(a-b)=a^~b^. 

Hence, the svm of two quantities, multiplied hy tketr di£sr- 
eace, is equal to the difference of their squares 

- 1. Multiply 2e+b by 2c— 5. We have 

2. Muliiply 9uc+36c by 9ac—3bc. We have 

{9ac + 3bc)(9ac—3bc) = 8ia'^c^—9b^c^. 

3. Multiply Sa^+l'ab^ by 8a^—7ab\ We iiave 

{8a^ + 7ab^){Sa^ — 7ab^) = eia^—4:aa^bK 

41. It is sometimes convenient to find tlie factors of a 
polynomial, or to resolve a polynomial into its factors. 
Thus, if we have the polynomial 

ac+ab+ad, 
we see that a is a common factor to each of the icrms ■ 
hence, it may be placed imder the form 

a(c+b+d). 

1. Find the factors of the polynomial o^b^+a^d-{-a^f 

Ans. a\h^+d+f). 

2. Find the factors of Zd^b-\-Qa^b^+bH. 

Ans. 6{3a=+6a»S + W} 

3. Find the factors of 3a=i'+9a=e+18aVy. 

Ans. -ia^b-^-'ic-irQxy). 

QuBST. — 40. What is the euni of two quantities multi|iliaJ lij- iheii 
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4. Find the factors of 8a^cx—18ae!c'^+2ac^ff~30a^c^x. 

A/is. 2ac('iax~9x^ + chj — l5a^c^x]. 

5. Find the factors of (i^+2a6+i^. 

Ans. (a + b)x(a + h). 

6. Find the factors of □=— i^. Arts. (u4-i)x(a— i). 

7. Find the (actors of a^—2al>+lt'^. 

Ans. (a-b)x(a-b). 



DIVISION. 

42. Algebraic division has the same object as arithmeti- 
cal, viz ; having given a product, and one of its factors, to 
find the other factor. 

We will first consider the case of two monomials. 
The division of 72a^ by Sa^ is indicated thus ; 
72af 
8a3 ■ 
It is required to find a third monomial, which, multiplied 
Dy the second, will produce the first. It is plain that the 
■ihird monomial is 9a° ; for by the rules of multiplication 
8a^x9a^ = 72a\ 

Hence, we have — —=:Qa', 

8a^ 

a result which is obtained by dividing the coejlcienl of the 

dividend by the coefficient of the divisor, and subtracting the 

exponents of the like letter. 

QuEBT.— 42. What is tlie object of divuion in Atgebra? Give ihe 
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Also, 
for, 



ELEMENTARY ALQEBRA. 



■abx^a'bc — SSaWe. 



Hence, Cor the division of monomials we have the foEowing 



I. Divide the coefficient of the dividend by the coeffkieiti 
of the divisor,foT a new coefficient. 

II, JVrile after this coefficient, all the letters of the divi- 
dend, and affect each vnth an exponent equal to the ex- 
cess of its exponent in the dividend over that in the 
divisor. 

From these rules we find 



13h6=c 



aOo'&'ff 



I. Divide I6x' by 8x. .Sns. fix. 

8. Divide 15axH/' by 2ecy. Sns. Sr*^. 

3. Divide 84a6=a by \2b^. Ans. 7ahx. 

4. Divide 36a'b'^c^ by da^b^c. Ans. 4ab^c. 
5.' Divide 88a^'^c by 8a^b. Ans. llabc. 

6. Divide 99a-'i'a^^ by Ua^ft^j^. Ans. Gai^j, 

7. Divide lOS^y^s^ by 54a!=3. Ans. 2!cy^z\ 

8. Divide 64a;''y'3* by lea'y'a'. Ans. Axyz. 

9. Divide Oea'S^c" by lla^ie. Ans. %a''b^c*. 

10. Divide Ma'cH^ by 27acd. Ans. 2aVd\ 

11. Divide 38aWd* by 2a^^d. Ans. 19aM3. 
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Ans. eabc. 


Am 


2aPc\ 


Ans. 


8a^i^f. 


Ans. 


GGbdf: 


ns. 16al/c^d' 


An 


. Aamn. 


Ans 


53-2y%. 


An 


, 3a'hc. 


Ans 


2a=y2. 


Ans. 


Sd'h'iA 



13. Divide 43a2i=c= by 7uic. 

13. Divide 6ia%'c» by 32a*hc. 

14. Divide 12aa^x^i/' by IGaxy*. 

15. Divide 132bd^p by 2df. 

16. Divide 256o<JV(?' by IGa^cK 

17. Divide 200a8m=ni' by 50a'mii. 

18. Divide 300a:3y422 j^y eOxfs. 

19. Divide 27o5J3c» by 9abc. 

20. Divide 64a3y«a« by 320^*3'. 

21. Divide SSa^b^c^ by lla^i'c*. 

43. It follows from the preceding rule, that the division 
of monomiala will be impossible, 

1st. When the coefficients are not divisible by each other. 

2nd. When the exponent of the same letter is greater 
in the divisor than in the dividend. 

3rd. When the divisor contams one or more letters which 
are not found in the dividend. 

When either of these three cases occurs, the quotient re- 
mains under the form of a monomial fraction ; that is, a 
monomial expression, necessarily containing the algebraic 
sign of division, but which may frequently be reduced. 

Take, for example, I2a^b'^cd, to be divided by 8a^c\ 
which is placed under the form 

12a'^bHd 

QnsBT, — 19. What is the first case named in which the division of 
iHonoinials will not be exact 1 What is the second 1 What is the third 1 
If eithef of these cases occur, can the exact division be made? Diider 
what loim will the quotipnt then remain 1 Mav this fraction be afun 
reduced to a simpler form ! 
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tliia may be reduced by dividing the 
nator bv the 



m factors 4, o^, b, and i 


•„ vAich 


Vic^Wcd Sc^/id 




Ha}be 2i- 




^^K^b'^ 5a 




ISffl'i^al* 86V 





44. Hence, for the reduction of a monomial fraction to its 
simplest form, we have the following 

RULE. 

Suppress every factor, whether numerical or Uteml, tluil 
is common to both terms of the fradion, and the reaiiU will 
be the reduced fraction sought. 

From this new rule, we find, 

( 1 ) (2) 

48ti-'&=c(j^ _ 4a^ _ 37ab?c^d 37i\ 

Z6a%^c^de~ 3bce ' ^ Oa^'tCiP" 6a^d ' 

(3) (4) 

5. Divide 49a%\« by Ho^Je*. 

6. Divide Gamn by Saic. 

7. Divide 18a=6=mn« by 12a'i*c<;. 






Qdkst. — 44. Give the rule for the reduction of a monomial fiactiuii 
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8. Divide 2%a''b'-c''^ by ISoJ'ccTm. Ans. -~^ — . 

6 
9 Divide 72a^c''h'' by l2a^c'Pd. Ans. ■ „ ■ . 

10. Divide IQQa^^xmn by 2^a?h*d. Ans. -1^^-. 

U. Divide %&<^lficHf by 75a=ca:y. Ans. ^'^"^^^ / 

13. Divide 85m%'/a:=y' by 15amV- Ans. -■ - " ■ '^/ ■■ 

137 
13. Divide 127iP^V by lei^ar'y'. -4nj. j^-j-^^- 

45. If we have an expression of the form 

a a^ <^ t^ a* . 

— , or — , or -J-, or — , or -^, aic, 

and apply the rule for the exponents, we shall hare 



But since any quantity divided by itself is equal to 1, it 
follows that 



>r finally, if we designate the general exponent by i 



(hat is, any power of which the exponent is h eqttal io I; and 
bence, a factor of the form a", lieing equal to 1, may be omitted. 



—45. What is fl' equal to! What is i" equal to ? Wlirt is 
■ ofonynwiififr equal to, when l)ie aiponent of tht power iiO! 

f 
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2. Divide 6a^b'^M by 2a^b^d. 



2a^^d 



= 3a?-^L'^-'Vd'- 



S. Divide 8a^b^c''d^ by 4a^b»c*d^. Ans. 2a* 

4. Divide l&a^hH^ by %a^b^d. Ans. 2d». 

5. Divide 'A2mht^x''-y'' by 4ni^n^wy. Xjw. 8a;y. 

6. Divide 96a'i-^#c* by ^'ia'^b^d^c^. Ans. ihd\ 

SIGNS IN DIVISION. 

46- The object of division, is to lind a tkird quanlilj 
called the quotient, which, muhiplied by the divisor, shaJl 
produce the dividend. 

Since, in multiplication, the product of two terms having 
the same sign ia affected with the sign +, and the product 
of two terms having contrary signs is afiected with the 
sign — , we^may conclude, 

1st. That when the term of the dividend has the sign +• 
aad that of the divisor the sign of -]-, the term of the quo- 
tient must have the sign + . 

3nd. When the term of the dividend has the sign + , and 
that of the divisor the sign — , the term of the quotient 
must have the sign — , because it is only the sign — , 
which, multiplied with the sign — , can produce the sign + 
of the dividend. 



QcEST. — 46, What will the quotient, multiplied by the divisor, be 
cqHal to 1 If the multiplicand and multiplier have like signs, what will 
bo liiB sign of the product? If they haie coiitraij signs, what vsill bs 
the ^n of tlio product ? 'ttTien the term of the dividend and the [orm 
of iJw divisor have the same sign w'lat will be the sign of the quolienl) 
When they have diffeient nigiis, what will be Ihe si^ of ihe ^iioliciu ". 
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3rd. When the lerm of tlie dividend has the sign - 
thai of the divisor the sign +, the quotient must ha 
sign — . Again we say for brevity, that, 

+ divided hy +, and — divided by — , give - 
— divided by +, and + divided by — , give ■ 



1. Divide 4aa by 

.Here it is plain that the 

—2ax~2x- 



2a. 



+ 4aa 



2. Divide SSa^x' by —Ua^x. 

3. Divide —USa-bVcP by 29a^^e. 

4. Divide -84^165^= by ~42a^^d. 

5. Divide eic^d^x^ by lee'di. 

6. Divide — SSi-'ry by —2<b^cdx>. 

7. Divide 77aY^ by -UaY:^- 

8. Divide Si^b^e^d by —42tfbVd. 

9. Diride -60a'b^c*d by — 12aSiV(P. 

10. Dii-ide — 88a=6'c« by So^JV. 

11. Divide i6x^ by —Sx. 

12. Divide — 15a%y' by Say. 

13. Divide -84ab^a: by — 12R 

14. Divide -96a^6=c3 by 12a^c. 

15. Divide —Uia^^c'd^ by —36c^b^c^d. 

16. Divide 256d>bc^x^ by -I6a^cx\ 

17. Divide -SOOaSi^c^a:^ by 30a^6Vx. 
18 Divide 500a8i=c« by —lOOaV^e*. 



Arts. — 33a. 

Alts. —2abcd^. 

Ans. 2aWiP. 

liy 






Zed 



Ans. —7. 

Ans. —2. 

Ans. +5-y-y 

4nj. — llaJ. 

Ans. ^2x. 

Ans. —5axy\ 

Ans. 7ahx. 

Ans. — 8abc^. 

Ans. Aa'^b^a*. 

Ans. — IGabcx. 

Ans. — lOabcx. 
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44 GLBHE\TABV AI.CEBHA. 

19. Divide ~64a^bV by — So'i'e*. Ans. 8aic. 

20. Divide +96afib*iP by —24a^b^d. Ans. —iab^tP. 

21. Divide 72a^iW by -Sa'S'rf. Ans. -9ab4\ 

Division of Polynomials. 

FIRST EXAMPLE 

47 Divide d'—2ax+x^ bj a— r 

It IS found most comenient Diiiiai Divisor. 

in division in algebra to place a^—2ax-^x%i—x • 

the divisor on the right of the a ^ ox \a—x 
dividend and the qu >t ent di — or+a;- Quoliem. 

rectly u Qder the dinsor — oj + t^ 



We tirsl diiide the term a" of the diiidend by the term a 
of the divisor the partnl quotient is a, which v/e placs 
under the divisor We then multiply the divisor by a, and 
subtract the product a"— ax from the dividend, and to the 
remainder bring down x" W e then divide the first tepu of 
the remainder, — ax by a, the quotient is —-x. /We then 
mulliplj the diMsor by — x, and, subtracting as before, we 
find nothing remains Hence, a— t is the exact quotient. 

In this example, «« have nritlen the terms of the dividend 
and divisor in such a manner that tlte exponents of the somn 
letter shall go on diminishing from left to right. ThlS is 
what is called arranging the dividend and divisor with 
reference to a certain letter. By this preparation, the firsi 
term on the left of the dividend, and the first on the left ol 
the divisor, are always the two which must be divided iiy 
each other in order to obtain a term of the quotient. 

QnEST. — VI. What diD you understand by arranjpng a polynoinial wilh 
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48. Hence, for the division of polynomials we have the 
following 

RULE. 

I. Arrange the dividend and divisor with reference to a cer- 
lidn letter, and then divide the Jirst term on the left of ike 
dividend hy the first term on the left of the divisor, the result 
is the first term of ike quotient ; multiply the divisor hy this 
ti-rtn, and suhlract tke product from tke dividend. 

II. Then divide the first term of tke remmnder by tke first 
term of tke divisor, which gives the second term oftlie quotient ; 
multiply tke divisor by the second term, and subtract tke pro. 
duct from the restdl of tke first operation. Continue tke same 
process until you obtain for a remainder ; in which case tke 
divisioji jj said to be exact. 



SECOND EXAMPLE. 




Let it be required to divide 




51a'>b^ + lfia*-'lSa^b~15lA+iaP by 


4ai-5a«+3fi», 


We here arrange with reference fo a. 




Dividend. 


^Divisor.. 


I0a'-48a3i + 5]a=iii+ 4cJ^-154''l- 


-5a^+4a6+3i* 


+ I0a'- 8a^~ 6a^b' - 


-2a^+«a6-56» 


-40a'i+57a«6»+ iab^-l&b^ 


Quotient. 


— 40o3i 4- 32a=i2 + 34q63 




"' "25a242 — 20ai3— 156*' 




25aW-20al>)-l5¥ 





Quest. — IS. Qive (he getieial rule for the division of polynamials t 
If the fuat term of ihe arranged dividend is not divisible by liie first tenn 
of the urranged divisor, is the eiac^division possible! If the first lerni 
of ariy partial dividend is not divisible by the firat term of tha divisor, it 
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Remark — Vi lie the &st term of he a ged dividend 
IS not exacdy d a ble bj tl at of h arr d divisor, tlie 
complete d s on s n poss ble ha to a there is not 
a polj no nial which n til phed by he d so vill produce 
tl e d V de d 'ind m gene al w sh 11 find hat a division 
18 impossible, when the farst n of on of the partial 
dividends is not divisible by the fi f he divisor. 

GENERAL EXAMPLES. 

1. Divide 18a^ by 9a:. Ans. 2x. 

3. Divide lOaiy by — 5a?*y. Ans. — 2y. 

3. Divide — 9(M;*y* by 9a^y. Ans. — oj 

4. Divide —8*^ by ~2x. Ajis. 4-4i 

5. Divide I0ab+15ac by 5a. Ans. 2b+dc. 

6. Divide SOox — 54a: by 6a:. Ans. 5a— 9, 

7. Divide lOa^— 13y^— 5y by 5y. Ans. 3^*— 3y— 1, 

8. Divide 12a-i-3ax—l8ax'^ by 3a. Ans. 4 + a;— 63:' 

9. Divide 6ax^+9a^x+a^x^ by ax. Ans. 6x+9a+ax 

10. Divide a=+2aa:+a^ by a+sc. Ans. a+i 

11. Divide a^— 3a'y+3ay^ — y^ by a — y. 

Ans. a^^2ay-\-y'' 

12. Divide 2ia%~\2a?ch^—Gah by — 60J. 

Ans. — 4a+3a%i+l 

13. Divide ei!*— 96 by ^x—G. Ans. 'ix^+'^x'+Bx+lG 

14. Divide . . . a'— So'ai+lOaV — 10aV^5aji_j,s 
by a^—2ax->rx^. Ans. a^—Zd^x+Zax^—x^. 

15. Divide 48a:3-76aii*-64o2a:+10aa3 by 2x~^ii. 

Ans. a4a;3— 2rti— 3.^0*. 
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16. Divide y^-~2y^a?-\-Zy'^i^~x^ by y^— 3v=*+3yir»— a^. 
Ans. y3+3y3a: + 3yar^ + a'. 
)7. Divide 64a'6«—25a=?i'' bv S'i?h'i-\-^ah<. 

Ans. 8a2J3_5„i*. 

18. Divide 6«3+33a=6+22aA=+5i^ by 3a2+4a/>+6=. 

A71S. 2a+5h 

19. Divide 6ar«+6oiy+42a5w2 by aar+Saa;. 

20. Divide . . — 15a' + 37a2W~29a=c/-206=^ + 44*crf/ 
8c=/i by Za^-5bd+cf. Ans. —^tfi^Ud-Bef. 

21. Divide a^ ~\- a^y^ -\- y^ by a;^— icy+y^. 

J.nj. a:^+ary4-y^ 

22. Divide «*— y* by x—y. A^s. x'+x^y+xy'^-^-y'. 

23. Divide 3a*-8a«6'i+3aV+5J*— 3tV by a^-S«. 

An5. 3a2 — 5i2 + Sc^. 

24. Divide , . 63^— Si^ — eariy' + eiV + lS.rV— Sa-y 
(-10«y+15/ by Sa^+aa^y+Sy^, 

4nj. 2a^^-3iV + %'- 

35. Divide . -c^ + 16aV— 7Qic-4a=i3;-6a^S« + 6ae3 

by 8ax—&ab~C. Ans. 2ax + ah-irc 

26. Divide .... Zx*-\'Ax'^y~ix^--Ax'hj'^-\-\&«^^y~-ib 

by 3a:y+it=— 3. ^n*. 3a:=-2.ty + 5. 

37. Divide 3T'4-33y* by i+2y. 

Ans. a:*— 2iK'y + 4i'j/^ — Sa^y' + lGy'. 

2^. Divide Za* — 2f,a^h — \^ay^-\-2.1aW by 262._5oA 

4.30^. An*. a=-7ai. 



J h. Google 



CHAPTER 11. 

Algebraic Fractions. 

49. Algebraic fr3.ciic)n3 should be considered in the same 
puint of view as arithmetical fractions, such as ^, }^ ; that 
is, we must conceive that the unit hag been divided into as 
many equal parts as there are units in the denominator, and 
that one of these parts is taken as many times as there are 
units in the numerator. Hence, addition, subtraction, mul- 
tiplication, and division, are performed according to the rules 
established for arithmetical fractions. 

It will not, therefore, be necessary to demonstrate those 
ndes, and in their application we must follow the procedurea 
indicated for the operations on entire algebraic quanliliea. 

50. Every quantity which is not expressed under a 
fractional form is called an entire algebraic quantity. 

51. An algebraic expression, composed partly of an 
entire quantity and partly of a fraction, is called a mixed 



Quest.-— 49 How ate algebrdc fractlt 
does Ihe denominator show ! What does 
llieu 81-e the operations in fractiana to be perfonncd! 50. What is 
entire quantity' 51. What is a miiod ijuantitj' ? 
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7*0 reduce a fraction to its stmplesl terms. 

S2. A fraction is said to be in ils lowest terms, when there 
is no common factor in the numerator and denominator. The 
rule for reducing a monomial fiactior. to its lowest terms has 
aheady been given (Art. 4:4). 

With respect to polynomial fractions, the following are 
cases which are easily reduced. 

1. Take, for example, the expression 



This fraction can take the form 

(Art. 3J> and 40). Suppressing the factor i 
die two terms, we obtain 



2. Again, take the expression 

Oiia expression can be decomposed thus : 

Qa\a--b) ' 
5a{a-hY 
"'' 8a=(a-i)' 
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ELEMENTARY ALG&BRA. 



Suppressing the common factors a{a—b), the result is 



Hence, to reduce any fraction to its simplest terms, tee sup- 
iress or cancel every factor common to the numerator and 



Note. — Find the common factors of the numerator and 
denominator as explained in (Art. 41). 



85b-'ed^ 



n<^dy» 



6. Reduce ■ - ■ to its simplest terms. Ans. —8. 

_ „ , 2ib^—36ab* , 4b~Ga 
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53. To reduce a mixed quantity to the form of a frasiio 



Multiply the entire part hy the denominator of the fraawn ; 
then connect this product with the terms of the numerator hy 
the rules for addition, and under the result place the given 
denominator. 



1. Reduce 6^ to the form of a fraction 

6x7=42: 42+1=43: hence, 6j=-=-. 

2. Reduce x — =— __ — L to the form of a fraction. 

3. Redtice a; — to the form of a fraction. 

2a 

A °^~^' 
"^" 2o 

4. Reduce 5 H to the form of a fraction. 



5. Reduce 1 to the form of a fraction. 



Qdest.^^S. How do you reduce a mixed quuilily M llie TcinB or* 
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ELEMEXTAKV AUiKBB*. 



6, Reduce l+2a; to the form of a fraction. 

5a: 

10s^+4a:H-3 



7. Reduce 2a-\-b — to the form of a fraction. 

!6a + 86 — 3c — 4 



) 6ax+b to the form of a fraction. 



I2ab3f^ 

96oi3i^+30a2i23^_8 



54. To reduce a fraction to an entire or mixed quantity. 



Divide the mitnETotor by the denominator for the entire pari, 
and place the remainder, if any, over the denominator fur the 
fractional part. 



QoEsr. — 64. How do jou ti 
qguititf 1 
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ALCEBRAIC FRACTIONS. 



8)8966( 

"1130 ... 6 rem. 

Hence, 1120|= Ans. 

3, Reduce to a mixed quantity. 

3. Reduce to an entire or mixed quantity. 

4. Reduce 10 a mixed quantity, 

Ans a-~ 

5. Reduce to an entire quantity. Ans. a+x. 

6. Reduce =~ to an entire quantity. 

Ans. a:^+a;^-f-y'. 

7 Reduce to a mixed quantity. 



Ans. 2ie~l+ — 
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55, To reduce fractions having different dcnominalois 
equivalent fractions having a common denominator. 



Multiply each numerator into all the denominators except lis 
ovm,for the new numerators, and all the denominators logethf 
for a common dent 



1. Reduce \, |, and |, to a common denomimiior. 

1x3x5=15 the new numerator of the 1st, 

7x2x5=70 „ „ „ 2nd. 

4x3x2^24 „ „ „ 3rd. 

and 2 X 3 X 5 = 30 the common denominawr. 

Therefore, ^, ^, and §^, are tjie equivalent fractions. 

Note.— It is plain that this reduction does not alter the 
values of the several fractions, since the numerator and 
denominator of each are multiplied by the same number. 

2. Reduce -7- and — to equivalent fractions having 
n denominator. 



6 X c^bc the common denominator. 
— 55, How do you reduce fractions to a cotnmoJi d 
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ALGEBRAIC FRACTIONS. 



Hence, j— and ■;— are the equivalent fractions. 
be be 

a+b 



3. Reduce — and to fractions having a 

non denominator. 

3a: "2i 



ab+f'' 



and d, to fractions having a 

J , Bex 4ab , Gacd 

common denominator, Ans. —^ — , — ^ — , and — ; — . 



6. Reduce -— , -:-, and , to fractions 

2 i a-\-x 

having a common denominator. 

3a+3a: ia^+^a'x Ga'+Gx^ 



60 + 61' 6a 4-6a; ' 6a +6ii; 

7. Reduce -^rr, —z — , and ~ — to a common 



3&' 5c 
denominator. 

5acd Wabdx , 15aH c-i5bex^ 

\5hcd ' I5bcd ' ^ ~15bcd " 






I. Reduce — , , and — — 
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66. To add fractional quantities togethei 

RULE. 

Reduce the fi-actions, if necessary, to a common denomina- 
tor; then add t/ie numerators together, and place their sum 



1. Add §, 1^, and | logether. 
By reducing to a common deiioinini 

6x3x5^90 

4x2x5 = 40 2nd numerator. 

2x3x2 = 12 3rd numerator. 

2x3x5=30 the denominator. 

Ileuce, the fractions become 

60 40 I2_ 142 ^ 
30 "^30 "'"30"" 30 ' 

which, by reducing to the lowest terms becom 

2. Find the sum of -7-, -5-, and -jr. 

Here axdx f=adf j 

cxhxf—chf ?the 

exbxd—ehd * 
And bxdxf=bdf the 

„ adf , cbf , M adf+cbf+ebd . 
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3 To a ~ add i+ . 



5. Add — ^— and ~ together. Ans. — ■ 



7, It is required to add Ax, -■■■■, and — — togeihei 



3' 4 

49a:+12 



9, It is reqviired to add 4a;,—, and 3+— together. 
, , 44j; + S0 



10, It is required to add 3x-\-~ and --c—— together. 

Ans. 3^+— 5- 
U. Required the sum of ae—~ and 1 — j-. 
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37. To subtract one fractional iiuaiiiity from another 

RULE. 

I. Reduce ihe fractions to a common denominator. 

II. Subtract the nvmerator of the fraction to be subtracted 
from the numerator of the other fraction, and plaee the dif- 
ference over the common denominator. 



1. What is the difference between 



3 _24 H_10__ 5 
"T^ae ^56^56 ""38' 



2. Find the differ! 



Here, (^- «)x3.^3.^-3«. > 
(■2q— 4a;}x26=:4oi— 86^^ S 



And, 2bX^c—&bc the common denominaior. 

^cx^3ac Aab—Shx _Zcx~-'Sac—4:ab+Sbx 



. Required the difference of -^r- and — . Ans. - ■ ■■ - . 
37y 



5. Required the difference of — and - 



— 67. HoiT do ;ou (ubtroct fractioi 
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6, Required the difference betwee 



2 3:+ 7 
24af8a-10*a-35J 



, Required the difference of 3s+-7- and x — 
Atis. 3i+ 



cx-f-bx — al 



58. To multiply fractional quantities together. 

RrLB. 

If the quajitities to be multiplied are mixed, reduce them to 
fractioruil forms ; then multiply the numerators together for 
a numerator and the denominators together for a denormnator 



, 1. Multiply — of y by 8J. 
C 
We first reduce the com- 
pound fraction to the sim- 
ple one ^j, and then the 
mixed number to the equiva- 
lent fraction. ^^ ; after 
which, we multiply the 
numerators and denomina- 
tors together. 



of 


7 42' 




3 

42 


25 75 


25 
""42 
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2. Mulliply .+— by ^. Fiisl, .+ ^=?!±^ 

11 ■ 1 1 1 - 3i , 3a , 9ax 

J. Required the product of — and — . Ans. ■■ — . 

4. Required tlie product of — and . 

Ans — 

5, Find the continued product of — -, and -^. 



7. Required the product of — r and -r— — . 

"8. Required the product of x-] , and — . 

Am. r- — T . 

a'+ab 

9. Required the product of a-\ by -. 

a~x I +x' 

Qdbbt — hS- How do yoJ multiply frictions together? 
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S9. To divide one fractional quantity by anoilier. 



RULE. 



Reduce the mixed quantifies, if there are any, In fractiomil 
forms ; then invert the terms of the divisor, and muUiply the 
fractions together as in the last case. 



I. Divide. • - ■ 2^ by — . 

If the divisor were 5, iho Operation. 

quotient would be yYo- R'"-. "^ _<; ^ 

since the dirisor is \ of 5, T~ ~B 

the true quotient must be 6 10 10 

limes ■^^, for the eighth of 24~ ~T20 

a number will be contained lo go 

in the dividend 8 times more TJo" ~T20 

ihan the number itself. lo ~~ 

this operation we have aelually iiniltiplied the i 
of the dividend by 8 and the denominator by S ; thai is, ^if 
have inverted the terms of the divisor and multiplied thejrnritojij 
together. 

/ 



2. Divide . . o— — by 

2c ^ 



f 3ac — i g %arg- 



le fmetion bv «iiotli«rT 
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3. Let - be divided by -. Ans _ 

4. Let — — be divided by 5a;. Am. ^ 

, , a;+l . J- -. . L 2ir , 1+ 

5. Let -— — be divided by — -. Ans. — — - 

6 3 4a; 

X X 2 

6. Let be divided by — . Ans. 

7. Let — be divided by ^. Ans. — — 

8. Let --— r be divided by . , . Ans. — -r- 

9. Let — — --, nr be divided by ~ i-. 

!C^ — %bX-^IP x — b 

10. Divide 6q2 + -- by c»-^~. 

Ans. 



10c^-~5x+5a 
. Divide 18e^— a + -2- by a' — -. 









90ic=-56a;+5a 


i. Divide 


20x2- 


8ab 
dc'' 


by x^~-tjl, 

iOdcHx'-Babf 
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CHAPTER in. 



Of Equations of the First 

GO. An Hqualion is the algebraic expression of two equal 
quantities with the sign of equality placed between them. 
Thus, x=a-'!-b is an equation, in which x ia equal to the 
sum of a and b. 

6 1 . By the definition, every equation is composed of two 
parts, separated from each other by the sign =. The part 
on the left of the sign, is called the Jirst member ; and the 
part on the right, is called the second member. Each mem- 
ber may be composed of one or more terms. Thus, in the 
equation x^a+i, x is the first member, and a+i the 
second. 

62. Every equation may be regarded as the enunciation, 
in algebraic language, of a particular question. Thus, the 
equation a;+ii7=30, is the algebraic enunciation of the 
foDowing question ; 

Quest. — 60. What is inequation? 61. Of hovf many parts is every 
Aquation composed? How are the parts Eepnrated from each other? 
What is the part on the left called ? What is the part on the right called ! 
May each member 6e composed of one or more terms 1 In the equation 
x~a-i-b, which is the first member ' Which the second? How many 
Wmii m the first member? How many in thi! ifrondt 
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Ti find a nvtnler trhif/i being added to ilself, s/iall gii<f a 
•mm equal to 30 

Were it retjuired to solve this question, we shodd firNt 
express It m algnbraic language, ■which would give ilie 
equation 

By adding t f> itself we have 
And bj dividing bj _ wc obtain 

Hence we see that the solution of a question by algiibra 
consists of two distinct parts viz, the statemest niiil lUn 
sou rio\ of an equation 

I The STATEMENT fOfistsfs in expressing algebraically 
the Telalitm betjoeen the krwrin and unknotvn quantities, 

II. The SOLUTION of the equation consists injinding the 
vahie of the imktiown gnantity in terms of those which are 
known. 

The given or known parts of a question, are represented 
either by numbers or by the first letters of the alph^ibet, 
a, h, e, Slc. The unknown or required parts are roprn- 
sented hy the final letters, x, t/^-z, &c. 



find a number which, being added to twice itself, the 
sum shall be equal to 24. 



— 62. How may you regard evoiy eiiiialionT What question 
iquBtion 1+1=30 Etatel Of how many parts does the solii- 
luestion hy algebra consist 1 NamE them. What is the 2ud 
1 1 By what are the linown parts of ■ queition repreeented 1 
m ihn ■rVnown psrti npre^BBind ! 
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EQITATIONS 


OF TUB FIRST IfEOUEE 




Statement. 


Let a; lepresfTll the 


number. We shall then 




j' + 2,r^2'l. 


This is the slaternei 


,L 




S'lhdion. 


Having .... 


i + 2jr"24. 


we add 


x + 2x. 


which gives . . . 


3r=24 , 


and dividing by 3, 


x^%. 



63. An equation is said to be verified when the answer 
found, being substituted for the unknown quantity, proves 
the two members of the equation to be equal to each other. 

Thus, in the last equation we found a;=8. If we substi- 
tute this value for a: in tlie eqtiatiuii 
a: + 23^^24, 
we shall have 8+2x8^3 + 16 = 34. 

which proves that 8 is the true answer. 

. 64. An equation involving only the first power of the 
unknown quantity, is called an equation of the first degree. 
Thus, 6a^+3^— 5— 13. 

and ax + hx+c=:d, 

are equations of the first degree. 

By considering the nature of an equation, we perceii" 
ihat it must possess the three following properties ; 

QoiST. — 63. When is bo equation said to be verijied 1 64. When 
:i. eqGXion involvea only tiie first powOT of the unkiimTn (]iiaiiiit-j *i:at 
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l8l. The two members are composed of qiianijties of the 
name kind: that is, dollars— dollars, pounds — pounds, &c. 

2nd. The two members are equal to each other. 

3rd. The two members must have the same sign. 

05. An axiom is a self-evident truth. We may here 
itate the following. 

1. If equal quantities be added to both members of an equn- 
tiim, ike equality of the members will not he destroyed. 

2. If equal quantities he subtracted from both members of 
an equation, the equality vnll not he destroyed, 

3. If both members of an equation be multiplied by the samt 
immber, the e^ality will not be destroyed. 

4. If both members of an equation be divided by the same 
mimber, the equality will not he destroyed, 

TVansformation of Equations. 

GG. The transformation of an equation consists in chang 
ing its form without affecting the equality of its members. 

The following transformations are of continual use in the 
fesolution of equations. 

First Transformation. 

G7. When some of the terms of an equation are frac- 
tional, to reduce the equation to o«e in which the terms shall 
be entire. 

I. Take the equation 



J h. Google 



EQUATIONS OF THE FIRST DEGREE. 



First, reduce all iho fnic 
liy the kiiDWiL rule; ihe eqi 



ami ainc!; we can multiply bolli members by iIil ^.lihi, hiiiti- 
ber wiihnut destroying the equality, we will multiply ihora 
by 72, which is the same as suppressing the Jeiioininator 
72, in the fractional terms, and muUiplyinfr the entire term 
by 72 ; the equation then becomes 

48j; — 54a;+12«=793, 

or dividing by 6 8x— Ox+ •2x=132. 

But this last equation can be obtained in a shorter wij, by 
finding the least common multiple uf the denominitors 

The least common multiple of several numbers is the 
least number which they uill sepiratd} dnide without a 
remainder When the numbers are small, it may at onte 
be determined by inspection The manner of finding the 
least common midiiple is fully shown in Arithmttic ^ 87 

Take lor example the la^it equation 

Wa see that 12 is the least common multiple of the deno- 
minators, and if we multiply all the terms of the equation 
by 12, and divide by the denominators, wo obtain 

8r-9-r+2,r:^13a. 

(Up flame equation as before foiird. 
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68. Hence, to make the denominaiois disappear from b 
equation, we have the following 



I, Find the least common mulUple of all the dmomi- 

II. Multiply every term of tlie equation by the commnn 
miillipk — redvHng at the same time the fractional to entire 
terms. 



I. Clear the equmion of —+—-—4^3 of its denomi- 
■aiors. Ans. 7r+53:— 140=105. 



lators. Am. 9.r-t- Oi — 2.r = 432 

3, Clear the equation -— + — -~ f -^ = 20 of its de 
Ans. \8x + 12x — 4x + S3- — 72il. 



. 14r+10a: — 35a— '^SO. 



Ans. 153- — r2j^+103- = 90C 



Ki\e lor clearing an equation of it 
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nomimtors 


Ai',. 183:-13:>;+9i + 8i = SG4 


7 Clear the eiudtion — —+f=g. 


8 In the 


Ans. ad-bc+hdf=bdg. 


T 


2 -r , 4ic=r Sa^ 2c^ „, 


the least c 




hrnce clear 


mg the fractions we obtain 


a hx-2a Jc'j+4a'62=46V3;--5a« + 2a=JV-3a'i'. 



<J9. Wlien the two members of an equation are entire 
polynomials, to transpose certiun terms from one member to 
the other. 

1. Take for example the equation 

[f, in the first place we subtract 2x from both members, 
the equality wiU not be destroyed, and we have 
bx—Q—2x—B. 

^i^ence we see that the term 2x, which was additive 
in (he second member becomes subtractive in the first. 



ii'EST.— 69. What is the second transformation 7 What do you 
rrstand hy transposing a iBrmt Give the rale for transposing from 
member lo the othnr. 
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70 ELEMBNTABV 

In the aecouJ place, if we add 6 lo both members, ilie 
equalivy will still exist, and we have 

5^-0—^1+6 — 8+6. 

Or, since — 6 and +6 destroy each other, we have 

Hence the term wliith was subtractive in the first mem- 
ber, passes into the second member with the sii^ii of 
addition. 

2. Again, take the eqiiatio.i 

ax + l^d-cx. 

If we add ex to botli members and subtract 6 from 
them, the equation becomes 

aa' + l> + cx—b = d-c:i: + cx-L 

or reducing ax-}-cx^d — b. 

When a term is taken from one member of an equation 
and placed in the other, it is said to be transposed. 

Therefore, for the transposition of the terms, we have the 
following 



Any term of an equation may be transposed from on 
her to the other by changing its sign. 

70. We wOl now apply the preceding principle) 
resolution of equations. 
1. Take the equation 
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EQUATIONS OF T[[E FIRST DEGREE. 
Dy transposing the terms —3 and 23r, it becomes 

Or, reJueivig 23; = 8. 



Dividing 


by 2 


Verip.c,ion. 


If now, 


4 be 


substituted in the plac 


equation 




4i--3^2a:+5, 


it becomes 




4x4-3=2x4+5. 


Of, 




13=13. 



Hence, the value of x is verified by substituting it for the 
unknown quantity in the given equation. 
2. For a second example, take the equation 



By making the denominators disappear, we ha™ 
J0x-333;-312^21— 52a:, 

or, by transposing 

10a:— 323;+52a'^31 + 312 

by reducing 30i^333 

333 111 

^--30-=-To--i^'i- 

a result which may be verified by substituting it for x i 
given equation. 

3. For a tlurd example let us take the equation 
'3n-a:)(c— fe)+2ftr=46(a:+a). 
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It is first necessarv to perfdrm ihp. multiplic 
ted, ill order to reduce the two memhern to two polynomials, 
and thus be able to disengage the wnl;nown quantity r, from 
the known quantities. Having done that, the equation 
becomes, 

Sa^ — a:r — 3ah+bx+2ax — ibx + 'iaf>, 
or, by transposing 

— ax+bx+2ax—ib3: =4a6 + 3ai— 3a*, 
by reducing ax — 3hx :=7ab — 3a^. 

Or, (Art. 41). [a-U)cc=7ah~3a\ 

Dividing both members by a — 36 we find 
_7ab — 3a? 
''- a—Sb " 
Hence, in order to resolve an equation of the first degree, 
we have the following general 

RULE. 

I. If there are any denominators, cause them to disappear, 
and perform, in both meirUiers, all the algebraic operations 
indicated. 

II. 7%Hi transpose all the terma ajfected tmtk the unknown 
quantity into llie first member, and all the knoion terms into 
the second member. 

III. Reduce Co a single term all the terms involving x ; 
this term will be composed of ttoo factors, one of telach will 
be X, and the other all the multipliers of x, connected imth 
their respective signs, 

IV". Divide both members of the eqrtation by the mulli- 
plier of the unknotmi quantity. 

Qdkst. — 70. What is the first step in resolving ao equation of (ho 
GrstdegreeT Whit the ncond 7 What the third 7 What the fburUi? 
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]. Given 3a;— 2+24 = 31 to find x. Arts. x = 3. 

2 Given iE+18^3a;— 5 to find x. Ans. i^H— . 

3. Given 6— 2ir+10=20— Sa;— 2 to find x. 

Ans. x=z2. 

4. Given x-\-—x+--x = n to find x. Ans. a;^6. 
6. Given %x-^(c+l=Six—2 to find x. Ans.x=—. 

6. Given 3im;+— — Z=bx—a to find x. 

6-3« 
"■^' *~6a--2A' 

7. Given ^^+,^=20--- ^ . ^ -. to find a;. 

^ns. a; =234-. 
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8^x—b 3b— c 


-b to find X. 




56+96-7C 


X 1-2 X 13 
5 3 ''"2^ 3 


to find a;. 




Ans. x-m. 


l.-I-+^^l.^f 


to find X. 




abodf 



~bcd—acd + abd — abc' 

Note. — What is the niimeiical value of a;, when a— I, 
b^% c=:3, d=A, J=5, and/=6. 

14. Given -^—^—^^^ — 1211 to find x. 

Ans. a-U. 

Ans. x:=Q. 
\-^2x—A3 to find X. 

Ans. x = m 
Ax-2 3x-l 



17. Given 


=-^V-=^V- •"" '■ 




Ans. x=3 


18 Given 


3x+''~^ x+a to find .. 




3a + d 
Ans. X. ^^^ 


19, Given 


4 +3-2 3 "^-^ '■ 
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EtJUATlONS OF THE FIRST DEGREE, 75 

JO. FinJ the value of x in the equation 



Of Questions producing Equations of the First Degree 
involving' but a single unknown quantity. 

71. It has already been obseryed (An. 62), thai ibo 
solution of a question by algebra consists of two diwinti 

1st. To make the statement : that is, to express the csiri- 
ditions of the question algebraically ; 

3d. To solve the equation !"that is, to disengage the known 
from the unknown quaatitiee. 

We have already explained the manner of finding the 
value of the unknown q^aniity, after the question has been 
stated ; and it only remains to point out the best method* 
of putting a question in the language of algebra. 

Thi.s part of the algebraic solution of a question cannot, 
like the second, be subjected to any well defined rule. 
Sometimes the emmciation of the question furnishes tiic 
equation immediately ; and sometimes il is necessary to di«- 
cover, from the enunciation, new conditions from which an 
equation may be formed. 

Quest. — 71. Into how many parts is the rejQ.iition of a qiieslioii \n 
tgebm divided % What is the first step % Wha, the steond ? Which 
pan lias already been esplained ' Which part ia now to he considered '! 
Ca!\ thiB |idrt be lubjecled to eiicl rules? Give the general rule I'oi 
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In almost all cases, however, we are able to make the sfcite- 
meatj that is, to discover the equation, by applying the iu.'- 
Jowjng 

RULE. 

Represent the unknown quantUy by one of the final Idlers 
of the alphabet ; and then indicate by meana of the algebrait 
signs, the same operations on the known and unknown quan- 
tities, as would verify the valtte of the unknown quantity, 
were such value knoum. 

quEaxioNS. 

1. To find a number to which if 5 be added, the sum will 
be equal to 9. 

Denote the number by x. 
Then by the conditions 

This is the statement pf the question. 
To find the value of x, we transpose 5 to the second 
member, which gives 

o; = 9— 5 = 4. 



4+5=9. 

2. Find a number such, that the sum of one half, one 
third, and one fourth of it, augmented by 45, shall be equal 



448. 
Let the required number be denoted by 

Then, one half of it will be denoted by 
one third „ „ by 

one fourth , „ by 



3' 
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And by the conditions, 

This is the statement of the question. 

'I'll find the value of x, subtract 45 from both members: 



I!j- clearing the li 



372 , 373 , 372 



■ms of their denominators, we obtain 
13a'^4836. 

Verificalion. 
+45 = 186 + 124+93+45=448. 
{ that whose third part exceeds its 



3. What numb, 
fotmh by 16. 

I^et the required number be represenled by x. Then, 

— r^ the third part. 
■~r^— ^® fourth part. 



This is the statement. To find the value of a 
he terms of the denominators, which gives 
4a:-3:c=192. 
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V^ifieation. 

4. Divide $1000 between A, B aiid C, so that A shall 
have fT2 more than B, and C $100 more than A. 

Let ,1— B's share of the $1 '00.' 

Then x+ 72^ A's share, 

and a^+17'2^ C's share, 

their sum is 3w+244^$1000. 

This is the statement. 
Bj transposing 244 we have 
3a^^ 1000— 244=756 

ajid a:=-^^=253i= B's share. 

Hence, x+ 73 =352+ 73 = f324= A 's share. 
And x-r 172 =252+172^8424^ C'a share. 
Verification. 
252 + 324 + 424 = 1 000. 

5. Out of a cask of wine whicli had leaked away a third 
part, 2i gallons were afterwards drawn, and the cask heing 
then guaged, appeared to be half full ; how much did it 
hold? 

Suppose the cask to have held x gallons. 

Then, — what leaked away. 

And -^+ 21=: what had leaked and been drawn 

Uonce, — + 21=---.T by the qiieBtion. 
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by chaiigiiig the signs of both members, which does nut 
destroy their equality. 

Verification. 

6. A fish was caught whose tail weighed 9ib., his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail together ; what was 
the weight of the fish 1 

Lei 2x^: the weight of the body. 

Then, 9+x— weight of the head ; 

and since the body weighed as much as both head and tail, 

2x=^9+9+ce, 

which ia the statement. Then, 

2a;— 1=18 and a;=18. 

Verification. 

2x=36lb. = weight of the body. 

9+a:=27lb.= weight of the head. 

9W.= weiglit of the tail. 

Hence, 72tb.= weight uf the fish. 
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7. 'I'he sum of two numbers is 67 and tlieir ilif 
19 : wliat are the two numbers 1 

Let x=. the least number. 

Then, a'+19^ the greater, 

aiiil by the conditions of the question 
2»+ 19^67. 
Thisi is the statement. 

To find X, we first transpose 19, wliich gives. 
21^67-19=^48; 
hence, ai=——2t, and j'+r9=43. 

Verificalim. 
43+24=67, and 43-24=19. 
Another Sohtttm. 
Let 3! represent the greater number : 
then, X — 19 will represent the least, 

and, 3^-19^67, whence 2^^67 + 19; 

therefore, a:=— =;43 

and consequently a; — 19 = 43 — 19=24. 

General Solution of this Problem. 

The sum of two numbers is a, their differeni 
What are the two numbers ? 
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Lm J be the least number, 

x-\-b will represent the gri'iitpr, 
llr-ricc, 2^ + 1 — a, whence 2,i;-u- /, ; 

(lirrefore, a=- ■— — -, 

2 2 2' 

und consequently, it+i~— ^-\-^=^-^-:r- 

As the form of these two results is independent of any 
talue attributed to the letters a and 6, it follows that, 

Knowing the sum and difference of tico nutnht:Ts, toe obtain 
Oie greater hy adding the half difference to the half sam, and 
ike less, hy snbtTacting the half difference from half the sum. 

Thus, if the given sum were 237, and the difierence 99, 

. 237 99 237 + 99 336 
the greater w -^'+y^ or X__^__^168i 

, . , 237 99 138 ,„ 

and the least — -—, or - — ~ — 69. 



Yerifictition. 

168+69=237 and 168-69=99. 

8. A person engaged a workman for 48 days. For 
eiich day that he laboured he received 24 cents, and for 
each day that he was idle, he paid 12 cents for his board. 
Ai the end of the 48 days, the account was settled, when 
the labourer received 504 cents. Required the number of 
working days, and the mimher of days he tons idle. 
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If these two numbers were known, by multiplying them 
resjiectively by 24 and 12, then subtracting the last product 
from the first, the resuli would be 504. Let- us indicate 
these operations by means of algebraic signs. 

Let X = the number of working days. 

48—3; — the number of idle days. 
Then, 24 x a-— the amount earned, 
and 12{48— 1;)= the amount paid for his board. 
Then, 24i-12{48-a)z=504 

what he received, which is the statement. Then to find 
we first multiply by 13, which gives 
24af— 576 + 12^—504, 
or, 36!r=504+576 = 1080, 

3!=-^^=30 the working days, 
whence, 48 — 30 — IS the idle days. 

yerificativn. 

Thirty day's labour, at 24 cents 
a day, amounts to 30 x24t^720 centa 

And 18 day's board, at 12 cents 

a day, amounts to 18 x 12-216 cents. 

The difference is the amount received 504 cents. 

Ganeral Solution. 

This question may be made general, by denoting the 
whole number of working and idle days by n. 

'i'he amount received for each day he worked by a. 
The amount paid for liis board, for each idle day, by b 
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AiiJ iLe balance due tlie laborer, or the result of the 
aucoiint, by c. 

As before, let the number of working days be rejird- 
sented by x. 

The number of idle days will be expressed by 7i~x. 

Hence, what he earns will be expressed by ax. 

And the sum to be deducted, on account of his board, by 

The equation of the problem therefore is 





oi-S(«-i)=., 




which is the statei 
which gives 


nent. To find x we 
as—bn+bx=e 


first miiiiiply by b. 


01, 


(,.+»).=< +S. 




whence, 


+J» 


working days. 


and consequently, 




an+bn-c-bn 


a + b 


»r 


a-t-i 


idle days. 



l,et US now suppose n=48, o— 34, 4 — 12, and c=504 
These numbers will give for x the same value as before 

9. A person dying leaves half of his property to his wile, 
one-sixih to each of two daughters, one-twelfth to a servant 
and the remaining S600 to the poor : what was the amount 
of his property J 
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Represent the amount of the property by x. 
Then, — =: what he left to his wife, 

— ^ what he left to one daughter, 
ind "c'^^'q" ^''hat he left to both daughters, 

—^ what he left to his servant. 

$600 to the poor. 
Then, by the conditions of the question 



lliea 



12 
it of the property, which gives 



10. A and B play together at cards 
$84 and B with $48. Each loses and wins 
it appears that A has five times as much as B. 
did A win ? 

Let X represent what A won. 
Then A rose with «84+i dollars, 

and B rose with $48— a: dollars. 

But by the conditions of the question, we have 
844-a^=5(48~,T), 
hence, 84+,t~240— 5r; 

and, 6ir=156, 

consequently, a; — $26 what A won. 

Verification. 

84+36 = 110; 48—26=22; 

n0=5(22}=110 



down with 
How much 
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U. A tan do a piece of work alone in 10 days, B in 13 
(lays : in what time can iliey do it if they work together ? 
Denote the time by a;, and the work to be done by 1. 

Theii in 1 day A could do — - of the work, and B could 
Jo — ; and in x days A could do — of the work, and 
B, -— ; hence, by the conditions of the question 

which girea I3a:+ IOj^^IUO: 



23 



days. 



12. A li>\ pursued b\ a ^re\h<und has a sKrt of 60 
leaps. He mAes 9 leaps while the greyhound makes but 
6; but, three leaps ol the greyhound dte equiialcnt to 7 
of the fox How inanj kaps must the greyhound make to 
overtake the lox' 

From th(, enuiicution, U is evident that the dislince to 
be passed oier by the gre) hound is compoaed of the bO 
loaps which the fox is in advance, plus the distance that llie 
fox passes over from the iriomnnt when the greyhound starts 
in pursuit of him. Hence, if we can find the expression for 
these two distances, it will be easy to form the equation of 
the problem. 

Let a:=^ the number of leaps made by the greyhound 
b>ii'iir8 he overtakes the fox. 

Now, since the fox makes 9 leaps while the greyhound 

m,:Li>s but 6, the fox will make -=- Oi" "^ ''■■'P^ *htie 
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the greyhound makes 1 ; and, therefore, while the greyhound 
makes x leaps, the fox will make —x leaps. 

Hence, the distance which the greyhound must pass over 
will be expressed by 60+— ac leaps of ihe fox. 

It might he supposed, that in order to obtain the equation, 
it would be sufficient to place x equal to 60+— jr; bul 

in doing so, a Tnanifest error would be committed ; for the 
leaps of the greyhound are greater than those of the fox, and 
we should then equate numbers of different denominations ; 
that is, numbers referring to different units. Hence it is 
necessary to express the leaps of the fox by means of those 
of the greyhoimd, or reciprocally. Now, according to the 
enunciation, 3 leaps of the greyhound are equivalent to 7 
leaps of the fox, then 1 leap of the greyhound is equiva- 
lent to — leaps of the fox, and consequently x leaps of 

the greyhound are equivalent to —- of the fox. 

Hence, we have the equation 

7x 3 

— ^60 + — a:; 
3 ^ 2 ' 

making the denominators disappear 

!4a'^360 + 9.t, 

whence 51^360 and a;-73. 

Therefore the greyhound will make 73 leaps lo ovt-naKe 
tiie (ox, and diu-ing this limi; the fox will make 
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The 72 leaps of the gieyhoimd a 



leaps of ite fox. And 

60+108^168, 

ihe leaps which the fox made from the beginning. 

13. A father leaves his property, amounting to $2520, to 
four sons, A, B, C, and D. C is to have «360, B as much 
as C and D together, and A twice as much as B leas 
$1000 ; how much does A, B, and D receive 1 

Ans. A $760, B $880, D S520. 
H. An estate of $7o00 is to be divided between a widow, 
two sons, and three daughters, so that each son shall receive 
twice as much as each daughter, and the widow herself 
$500 more than all the children : what was her share, and 
what the share of each child ? 

, Widow's share S4000. 
Ann.} Each son's $1000. 

' Each daughter's $500. 

15. A company of 180 persons consists of men, women, 
and children. The men are 8 mure in number than the 
women, and the children 20 more than the men and women 
tJ)gether : how many of each sort in the company ? 

Ans. 44 men, 36 women, 100 children. 

1 6. A father diodes $2000 among five sons, so that each 
elder should receive $40 more than his next younger bro- 
ther : what is the share of the youngest ? Ans. $320. 

]?. A purse of $2850 is to be divided among three per- 
8„„s. A. R, and C. A'j share is l.o h>-, to B's as 6 to I 1. 
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and U is to have f 300 more than A and B together : whai 
is each one's share ? 

Ans. A's $450, B's $825, C*s «1575 

18. Two pedestrians start from the same point; the first 
steps twice as far as the second, hut the second makes 5 
sieps while the first makes but one. At the end of a certain 
lime they are 300 feet apart. Now, allowing each oi' iho 
longer paces lo be 3 feet, how far will each have travelled? 

Ahs. 1st, 200/ee(; 2nd, 500. 

19. Two carpenters, 24 journeymen, and 8 apprentices, 
received at the end of a certain time $144. The carpen- 
ters received SI per day, each journeyman half a dollar, 
and each apprentice 25 cents : how many days were ihe^ 
employed ? Ans. 9 ilayt. 

20. A capitalist receives a yearly income of $2940 : four- 
fifths of his money hears an interest of 4 per cent., and the 
remainder at 5 per cent : how much has he at interest ? 

Ans. 70000. 

31. A cistern containing 60 gallons of water has three 
unequal cocks for discharging it ; the largest will empty it 
in one hour, the second in two hours, and the third in three ; 
in what time will the cistern be emptied if they all run 
together? Ans. 32-^min. 

33. In a certain orchard ^ are apple trees, J peach trees, 
■^ plum trees, 120 cherry trees, and 80 pear trees : how 
many trees in the orchard ? Ans. 2400. 

23. A farmer being asked how many sheep he had, 
answered that he had them in five fields; in the 1st he 
had i, in the 2nd ^, in the 3rd ^, and in the 4th j\, and in 
the 5th 450 : how many had he ? Ans. 1200. 

_24. My horse and saddle together are worth $133, and 
we horse is worth ten timo« as much as the saddle : what 
is the valiip of ihp hoTfifl ' Ani. 1^0. 
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25. The rent of an estate is this year 8 per cent greater 
than it was last. This year it is $1890 : what was it last 
yearT Ans. S1750. 

26. What number is that from which, if 5 be subtracted, 
I of the remainder will be 40 ? Atis. 65. 

27. A post is i in the mud, J- in the water, and 10 feel 
abuve the water : what is the whole length of the post ? 

Ans. a feet. 

28. After paying \ and |- of my money, I had 66 guinea* 
left in my purse : how many guineas were in it at first ? 

A,-s. 130. 

29. A person was desirous of giving 3 pence ipiece to 
some beggars, but found he had not money enough in his 
jioeket by 8 pence : he therefore gave ihem each 2 pence 
and had 3 penue remaining r required the number ai beggars. 

Ans. 11. 

30. A person in play lost \ of his money, and then won 
3 shillings ; after which he lost ^ of what he then had ; 
and this done, found that he had but 12 shillings remaining : 
what had he at first T Ans. 20«. 

31. Two persons, A and B, layout equal sums of money 
in trade ; A gains $126, and B loses $87, and A's money 
is now double of fi's ; what did each lay out ? 

Ans. $300. 

32. A person goes to a tavern with a certam sum of mo*- 
iiey in his pocket, where he" "Spends 2 shillings ; he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also ; then borrowing 
again as much money as was left, he went to a third tavern, 
where likewise he spent two shillings and borrowed as 
much as he had left ; and again spending 2 shillings at a 
fourth tavern, he then had nothing remaining. What had 
he at first ? Ans 3j. Qd. 
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Of Equations of the First Degree involving two or 
more unknown quantities. 

73. Although several of the questions hitherto resolved 
coiitaiiied in their enunciation more than one unknown quan- 
tity, we flave resolved them all by employing but one sym- 
bol. The reason of this is, that we have been able, from 
the conihtions of the emmciation, to express easily the other 
trnknown quantities by means of this symbol ; but we are 
imable ro do this in all problems containing more than one 
unknowa quantity. 

To ascertain how problems of this kind are resolved, let 
ua take eome of those which have been resolved by means 
of one imknown quantity. 

1. Given the sum of two numbers equal to 36 and their 
difference equal to 12, to find the numbers. 

Let xz= the greater, and y= the less nimiber. 

Then, by the 1st condition ^+'J= 

and by the 2nd, x~ij= 

By adding {Art. 65, Ax. 1), .... 3x= 

By subtracting (Art, 65, Ax. 2), . . . 2>j= 

Eachof these equations contains but one unknown quanti^ 

■l-g 
From the first we obtair ar=--— 34. 



And from the second j(=— - — 12 

Verification. 
x+y=m gives '24+12 = 36 
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General Solution. 
Let X7= ihe greater, and y the less number. 

Then by the conilitions a^-f-y— a, 

ind £ — y=:b. 

By adding, (Art. 65, Ax. 1), . . . 2x — a + h. 

By snbtracting, (An. 65, Ax. 2), . . 2y— u— 6. 

Eachof these equations contains but one unknown quantiiy 

From the first we obtain ^~^, — ■ 

And from the second V— ~o — * 

Verification, 
a+b a -b _2a_ a+h a-b _2b 

32^2^"'^" 2 2^2~' 

For a second example, let us also take a problem thai has 
necn already solved. 

2. A person engaged a workman for 48 days. For each 
day that he labored he was to receive 24 cents, and for each 
day that he was idle he was to pay 12 cents for his board. 
At the end of the 48 days the account was settled, when 
(he laborer received 504 cents. Required the number of 
working days, and the number of days he was idle. 
Let a;= the number of working days, 

y= the number of idle days. 
'I'hen, 24x— what he earned, 
and 12y= what he paid for his board. 

Then, by the conditions of the question, we have 
a;+y =48, 
and 24^ — 12y=:504. 

This is the statement of the quesiion 



J h. Google 



92 ELEMEKTARV ALGEBRA. 

It has already been shown (Art. G5, Ax. 3), that the two 
members of an equation can be miiltiplied by the same num- 
ber, without destroying tho equality. Let, then, the first 
equation be multiplied by 24, the coefficient of x in the 
second ; we shall then have 







iAx+^Ay- 


:1153, 










2Ax—\2y^ 


: 504. 






And 


by subtracting, 36^= 


: 648. 






and 




y- 


648 


= 18. 






the equation 






24a- 


-13y = 504, we have 


: 24^ 


-216- 


504, 


whi. 


■Ja gives 












Mx= 


r504+2]6^7SO, ar 
Verificatio 


id Xr 


720 
" 24 ~ 


:30. 




r+ 


y— 48 gives 




30+18 


= 48, 




24a -1 


2y^504 gives 24 
EliminaUi 


X30- 


12X18 


= 504. 



1 3. The method which has just been explained ol c 
bining two equations, involving two unknown quantities, 
deducing therefrom a single equation involving but oni 
called elimination. 



QoBar. — 73. What ia eliminHtlon 1 How many methods oi cli!n-na- 
tion ate there 1 tSive ihe rule for elimination by addition and e\ibfrao- 
tion' What is the first stepl Wlial tlie aoconcll What the third! 
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There are throe principal methods of elimination ; 

1st. By addition and subtraction 

2d. By substitution. 

3d. By comparison. 
We will consider these methods separately. 

Elimination by Addition and Subtraction. 

y. Take the two equations 

3^— 2y=7 

If we add these two equations, member to member, wu 
obtain 

Ux=55. 
whir.h gives, by dividing by 11 

and substituting this value in either of the given equations 
we find 

3. Again, take the equations 

8a;+3y = 48 
3x+2y=2$. 
If we subtract the 2nd equation from the first, we obtain 
5k^25, 
which gives, by dividing by 5 

x—5: 
and by substituting this value, we find 
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3. Tuke the two equations 

5a;+7y=43. 

Il3:+9y = 69. 

If, ill these equations, one of the unknown quantities was 

affected with the same coefficient, we might, by a simple 

subtraction, form a new equation which would contain but 

one unknown qnantily. 

Now, if both members of the first equation be multiplied 
by 9, the coefficient of y in the second, and the two mem- 
bers of the second by 7, the coefficient of y in the first, we 
wOl obtain 

45j;+.63y=z387, 
77»' + 63y^483. 
Subtracting, then, the first of these equations from the 
second, there results 

32:izz:96, whence x=3. 
Again, if we mnJliply both membeis of the first equation 
by 11, the coefficient of x in the second, and hoth members 
of the second by 5, the coefficient of x in the first, we will 
form the two e 



55a:+77y^']73, 
55a:+45y:^345. 

Subtracting, then, the second of these two equations fr 
the first, there results 

^2y—\2%, whence y=4. 

Therefore iF=;3 and y^4, are the values of a' and v- 

Yerijication. 

5a'+7y-43 gives 5x3+7x4 — 15+28=^43; 

lIi+95=69 „ 11 x3+Px4=33+36=69. 
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The method of elimination just explained, is called 
method hy addition and subtraction. 

To eliminate by this method we have the following 



I See which of the untnoum quantities you wdl ehrranate. 

n Mtke the coiffictent of this unknown quantity ike same 
in both equation'!, either hy muiliphcation or divisicn 

III IJ the ngns of the hice termi are the same tn both 
equations, subtract one equation from the other, but if the 
signs art unlike add tnem 

EXAMPLES. 

4. Find the values of x and y in the equations 

Ans. x^^, y = 3. 

5. Find the values of a; and y in the cquaiions 

4^—7^=— 22, 
5x-\r'2y—27. 

Ans. X— 5, j=6 

6. Find the values of x and y in the e 



2i!+6y=43, 
%x—6y=^ 3. 

Ans. xt^A^, yT=0}-. 
7. Find the values of x and y in the equations 
8a; — 9;/:^ 1. 
ftB— 3y=4ir. 

An,. x = i, v=l. 
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8. Find the values of x and y in the equations 

Ux—15y = 12, 

Ans. x^3, W=2. 

9. Find the values of x and y in the equations 

4ns. a— 6, y— 9. 

10. Find the values of x: and y in tlje eqi'.ations 



Ana. ■r=14, y=i6, 

11. Says A to B, you give me $40 of your money, and 
[ shall then have 5 times as much as you will have lefi. 
Now they both had $120 : how much had each ? 

Ans. Each had $60. 

12. A Father says to his son, "twenty years ago, my 
age was fonr times yours ; now, it is just double ;" what wer 
their ages ? ^ ( Father's 60 yeara 

( Son's 30 years. 

13. A Father divides his property between his two sons. 
At the end of the first year the elder had spent one quarter 
of his, and the younger had made SI 000, and their properly 
was then equal. After this the elder spends $500 and the 
younger makes $2000, when it appears the younger has 
just double the elder : what had each from the father 1 

^^ 5 Elder $4000 
"*" ' Younger $20(» 
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14. If John give Charles 15 apples, they wil] have the 
same number; but if Charles give 15 to John, John will 
have 15 times as many wanting 10 as Charles will have 
left. How many had each? , ( John 50. 

"*■ 1 Charles *^0. 

15. Two clerks, A and B, have salaries which are to 
gether equal to $900. A spends ^ per year of what he 
receives, and B adds as much to his as A spends. At the 
end of the year they have equal suras : what was the salary 
of each? . < A's— 500. 

"*' ( B's=400. 



Elimination by Substitution. 

7 4. Let us again take the equatious 

0x-i-7i/=4:i, 

ll3- + 9y=69. 

Find the value of a: in the first equation, which giv€ 

_43-7j. 





n-X — ^+9j(=69. 


or. 


473-77y-|-'15y=345, 


or. 


-32y = -138. 


Hence, 


y-4. 


and, 


43-28 
r= — ^3. 
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This method is called the melhod by substitulio; 
have for it the following 



Find Che value of one of the unhnmen Quantities in either 
of the emotions, and substitute this value for t!i£ same unknown 
quantity in the other equation: lliere will thus arise a neta 
equation with but one unknown quantity. 

Remark. — This method of elimination is used to great 
advantage when the coefficient of either of the unknown 
quantities is unity. 



1. Find, by the last method, the values of x and y in the 

3x—y=\ and Zy~2x=i 

2. Find the values of x and y in the eqnations 

5y— 4»:=— 22 and 3y+4x=38. 

Ans. 37=8, j'=3. 

3. Find the values of a; and y in ihe equations 

a;+8y=:18 and y— 3i^=— 29, 

Ans. a:=10, y=I. 

4. Find the values of a; and y in the equations 

2 
5a;— y=13 and 8a:+— y=39. 

Ans. a;=3|^, y=zA\. 
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6. Find the values of a; and y from the equations 
10a— ^=69 and lOy-— -49. 

Ans. x=7, y^5 

6. Fi".d the values of x and y from the equations 

7. Find the values of x and y in the equations 

I— 1-+5=2, .+i=lT-a. 

Arts. a!=15, y— 14 
8 Find the values of x and t/ in the equations 

9. Find the values of x and y from the equations 

Ans. 1=12, y = 16. 
10. Find the values of a; and y from the equations 

j4ns. a;=6, y=7. 

11. Two misers A and B sit down to count over their 
money. They both have $20000, and B has three times as 
much as A ; how much has each 1 

, ( A . . $5000. 
^'"■Jb.. tiSOOU 
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12, A person has two purses. If he puts $7 into tlie 
firsi purse, it is worth three times as much as the second ; 
but if he puts $7 into the second it becomes worth five 
times as much as the first : what is the value of each purse ? 

Ans. 1st, $2: 2nd, $3. 

13. Two numbers have the following properties : if the 
first be multiplied by 6 the product will be equal to the 
second multiplied by 5 ; and one subtracted from the first 
leaves the same remainder as 3 subtracted from the second : 
what are the numbers T , Ans. 5 and 6, 

14. Find two numbers with the following properties: 
the first increased by 2 to be 3^ times greater than the 
second : and the second increased by 4 to be half the first ; 
wliai are the numbers ? Ans, 24 and 8. 

15, A father says to his son, " twelve years ago 1 was 
twice as old as you are now : four times your age, at that 
time, plus twelve years, will express my age twelve years 
hence :" what were their ages ? ^ ( Father 72 yesrs. 

"■*■ t Son 30 " 



Elimination by Comparison. 

75. Take the same equations 

6a; + 7y^43, 

lla:+9y^69. 

Finding the value of x in the first equation, we have 

_43 — 7y 
X- - : 

and finding the value of x in the second, we obtain 
69-% 
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Let these two values of x be placed equal to each othei 
End we have 



c, 473- 


-tiy- 


r345-45y 




-Z2y= 


--138. 


ence. 


y^ 


-4. 


nd, a: 


69- 


?^=3. 



This method of elimination is called the method by 
comparison, for which we have the following 



I- Find the valiie of the same unhnown quantity in earh 

II. Place these values equal to each other; and a new 
equation will arise with but one unknown quantity. 



1. Find, by the last rule, the values of x and y in the 
equations 

3^+^+6=43 and y-±^l4l. 

Ans. 3^=11, y=15 

QuBST.— TB. Give the rule for elimination by comjJariEiin 1 What is 
iht first atopi WhtX the se.<:oni\ ' 
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2. Find the values of x and y in the equations 

X_|_+5z=6 and l.+4^^+6. 

Ans. a;— 28, y=20. 

3. Find the values of i: and y in the equations 

X—JL+E^^l and 3v-a:=6. 
10 4 S " 

Ans. x—^, v=6. 

4. Find ihe values of i; and y in the equations 

y-3=i-.+5 and ill^y-SJ. 

5. Find the values of x and y in the equations 

4^'"+|-=y-3 and -|-+X=a!-13. 

Ans. a; = 16, y = 7. 

6. Find the values of x and y from the equations 

7. Find the values of x and y in the equations 

5 " * 2 

Ans. iB=;I, y=3 
8 Find the values of x and y in the equations 
2y+3i=y+43. y-~-=y~^. 

Aiis. x—\G, y=il3. 
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9. Find the values of x and y in the equations 

4y— ''-^ = 1 + 18. and 27-y = ic + y + 4. 

Ans. ij;=9, f-.: 7 

10. Find the values of x and y in the equations 

Ans. a:=10, y = 20. 

76. Having explained thfl principal methods of elimina- 
tion, we shall add a few examples which may be solved by 
either ; and often indeed, it may be advantageous to use 
them all even in the same question. 

OENERAL EXAMPLES, 

1. Given 2x+3y=l6, and Sai— 2y=I! to find the 
values of sc and y. Ans. x— 5, y— 2. 

2. Given -=-+^=k?: and _-+^ = ,--- to tind the 



raluee of or and y. -^ns. 1=-^, ?=—• 



~30 4^6 120 

1 

=T' ■ 

3. Given -^-j-7y=99, and -|-+7a;=51, to find the 
values of x and y. Atis. x^7, y=rl4, 

4. Given 

10 find the values of t and y. Ans. 3^=60, y=40. 
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1. What fraction is that, to the numerator of which, if 1 
be added, ita value will be — , but if one be addend to its 
denominator, its value will be — ? 

Let the fraction be represented by — . 
Then, by the question 

^+11 , X I 

Whence 3a:+3=ry and 4x=y-i-l. 

Therefore, by subtracting, 

a;— 3-1 or a:=4. 
Hence, 12 + 3=y; 

therefore, y=15. 

3. A market-woman bought a certain number of eggs ai 
2 for a penny, and as many others, at 3 for a penny ; and 
having sold them again altogether, at the rate of 5 for 2d, 
found liiat she had lost id ; how many eggs had she ? 

Let 2w;ii the whole number of eggs. 

Then X— the number of eggs of each sort. 

Then will "^^= ^^ '^ost of the first sort, 

and -s-^= the cost of the second sort. 

But 5 ; 23; : : 3 : ~- the amoimt for which the eg^-a 
were sold. 
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!, by the question 



Tkerefore, 15»i+10x— 24a: = 130 

or 3;==130; 

ihe number of eggs of each sort. 

3. A person possessed a capital of 30,000 dollars, for 
which he drew a, certain interest ; but he owed the sura of 
20,000 dollars, for which he paid a certain interest. The 
interest that he received exceeded that which he paid by 
800 dollars. Another person possessed 35,000 dollars, for 
whick he received interest at the second of the above rates ; 
but he owed 24,000 dollars, for which he paid interesfat 
the first of the above rates. The interest that he received 
exceeded tliat which he paid by 310 dollars. Required the 
two rates of interest. 

Let X and y denote the two rates of interest ; that is, the 
interest of $100 for the given time. 

To obtain the interest of $30,000 at the first rate, di'noted 
by c, we form the proportion 

30,000s 
100 : ii : : 30,000 : ; — ^^^ or 300^;. 

And for the interest $20,000, the rate being y, 

im-.,:: 20,000 , : ^'f^"' or 200,. 

But from the enunciation, the difference between these 
iwo interests is equal to 800 dollars. 

We have, then, for the first equation of the problem 

300ir— 300i/^SOO 
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By writing algelitaically tlie second condition of the pro- 
blem, we obtain the other equation, 

350y— 340^^310. 

Both members of the first equation bemg divisible by 1 00, 
and those of the second by 10, we may put the following', 
in place of them : 

3x—2y=9, 35y— 24a; — 31. 

To eliminate a;, multiply the first equation by 8, and then 
add it to the second ; there results 

19y— 95, whence y— 6. 
Substituting for y, in the first equation, its value, this 
equation becomes 

3ir~10 — 8, whence a; — 6. 
Therefore, the first rate is 6 per cent, and the second 5. 

$30,000, placed at 6 per cent, gives 300x6—81800. 
$20,000, „ 5 ,, „ 200x5=r$1000. 

And we have 1800-1000:^800. 

The second condition can be verified in the same manner. 

4. 'What two numbers are those, whose difference is 7, 
and sum 33 ? Ans. 13 and 20. 

5. To divide the number 75 into two such parts, that 
three times the greater may exceed seven times the less 
by 15. Ans. 54 and 31. 

6. In a mixture of wine and cider, ^ of the whole plus 
25 gallons was wine, and J part minus 5 gallons was cider : 
how many gallons were there of each 1 

Ans. 85 of ivine, and 35 of cider 
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7. A bill of £120 was paid in guineas and moidores, and 
the number of pieces of both sorts that were used was just 
100. If the guinea be estimated at 31s, and the moidore 
at 27s, how many were there of each ? Ans. 50 of each. 

8. Two travellers set out at the same time from London 
and York, whose distance apart is 150 miles. One of them 
goes 8 miles a day, and the other 7 : in what time will they 
meet? Ans. In 10 days. 

9. At a certain election, 376 persons voted for two can- 
didates, and the candidate chosen had a majority of 91 : 
how many voted for each ? 

Ans. 233 for one, and 142 for the other. 

10. A person has two horses, and a saddle worth i^SO. 
Now, if the saddle be put on the back of the first horse, it 
will make his value double that of the second ; hut if it be 
put on the back of the second, it will make his value triple 
that of the first. What is the value of each horse 1 

Ans. One £30, and the other £40. 

11. The hour and minute hands of a clock are exactly 
together at 12 o'clock : when are they next together ? 

Ans. Ikr. t-^jmin. 

12. A man and his wife usually drank out a cask of beer 
in 12 days ; but when the man was from home, it lasted 
the woman 30 days : how many days would the man alone 
be in drinking it ? Ans. 20 days. 

13. If 32 pounds of sea-water contain 1 potmd of salt, 
how much fresh water must be added to these 32 pounds, 
in order that the quantity of salt contained in 32 poimds of 
the new mixture shall be reduced to 2 omices, or ^ of a 
pound? Atis. 224;6. 

14. A person who possessed 100,000 dollars, placed the 
greater part of it out at 5 per cent interest, and the other 
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at 4 per cent. The interest which he received for It-;' whoio 
amounted to 46-10 dollars. Required the two parts. 

Ans. 64,000 and 36,000. 

'■15. At the close of an election, the successful candidate 
had a majority of 1500 votes. Had a fourth of the votes 
of the unsuccessful candidate been also given to him, he 
would have received three times as many as his competitor 

wanting three thousand livehundred : how many votes did 

each receive? , ( 1st, 6500 

-""'■ >2d, 5000. 

16. A gentlemen bought a gold and a silver watch, and 
a chain worth $25. When he put the chain on the gold 
watch, it was worth three and a half times more than the 
silver watch ; but when he put the chain on the silver watch, 
it was worth one half the gold watch and 15 dollars over; 
what was ilie value of each watch T 

^ ( Gold watch $80. 
t Silver „ $30. 

17. There is a certain number expressed by two figures, 
which figures are called digits. The sum of the digits is 
II, and if 13 be added to the first digit the sum will be three 
times the second : what is the number ! Ans. 56. 

18. From a company of ladies and gentlemen ]5 ladies 
retire ; there are then left two gentlemen to each lady. 
After which, 45 gentlemen depart, when there are left 5 
ladies to each gentleman : how many were there of each at 
first ? ^^^ 5 50 gentlemen. 

( 40 ladies. 

19. A person wishes to dispose of his horse by lottery 
If he sells the tickets at $3 each, he wilJ lose $30 on his 
horse ; but if he sells them at $3 each, he will receive $30 
more than his horse cost him. Wliat is the value of the 
horse and nmnber of tickets 1 . i Horse . . . $150. 

( No. of tickets 60. 
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20. A person purchases a lot of wheal at $ I , and a lot of 

rye at 75 cents per bushel, the whole costing him $117,50. 

He then sells ^ of his wheat and ^ of his rye at the same 

rate, and realizes $27,50. How much did he buy of each ? 

. ( 80bu. of wheat. 

1 50bu. of rye. 



Equnlions involving three or more unknown quantitieti. 

7 7. Let us now consider tke ease of three equations 
involving three unknown quantities. 
Take the equations 

5j:-6y + 4z=15, 
7rr+4y— ^^ = 19, 

To eliminate * by means of the first two equations, mul- 
tiply the first by 3 and the second by 4 ; then, since tho 
coefficients of s have contrary signs, add the two results 
ojgether. This gives a new equation ; 

43x-2y:^m. 

Multiplying the second equation by 2, a factor of the co- 
efficieut of 3 in the third equation, and adding them together, 

IGx+dy^Si. 

The question ia then reduced to finding the values of ,( 
aud y, which will satisfy these new equations. 

Now, if the first be multiplied by 9, the second bv 3, and 
die results be added together, we find 

4191=1257, whence x=3 
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Wr might, by means of the two equations involving 3 
and y, deterininL' y ici ihe samt way we have determined x ; 
but the value ol' y may be determined more simply, by ob- 
somng that the last of these two equations becomes, by 
substituting for x its value found above, 

84—48 
48+9y=84, whence y =— -^ — ~4. 

In the same manner the first of the three proposed equa- 
tions becomes, by substituting the values of x and y, 

24 
15—24+43—15, whence s=— — 6. 

Heiico, to solve equations containing three or more un- 
known quantities, we have the following 

KULE. 

I . To eliminate one of the unknown '/uanlities, combine any 
one of the equations wilk each of the others ; there will thus be 
obtained a series of new equations containing one less unknown 
quantity. 

II. JSliminate another unknown quantity by comiining one 
of these new equations with the others. 

III. Continue this series of operations until a single equa- 
tion containing hut one unknoian quantity is obtained, from 
which the value of this unknown quantity is easily found. 
Then, by going back through the series of equations which have 
been obtained, the values of the other unknown quantities may 
be successively determined. 

Quest. — 77. Give the general rule for solving eiiuntions involving 
iJirce or more unknown quantities? What is the first step! Wlial ths 
secondl What the third! 
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7 8. Remark. — It often happens thai each of the pro- 
posed equations does not conlam all the unknown quantities. 
In this case, with a little address, the elimination is very 
quickly performed. 

Take the four equations involving four unknown quantities : 
n.) 2K-3y+23~13. (3.) 4y+a3 = 14. 

(2.) 4m— 23;^30. (4.) 5y + 3« — 32. 

By inspecting these equations, we see that the elimina- 
tion of jj in the two equatiuiia, (1) and (3), will give sn 
equation involving r and y ; and if we eliminate m in 
the equations (2) and (4), we shall obtain a second equation, 
involving a; and y. These two last miknown quantities 
may therefore be easily determined. In the first place, the 
elimination of r in (1) and (3) gives 

7y— 23:=1 ; 
That of u in (2) and (4), gives 

20y^-6a;=38. 
Multiplying the first of these equations by 3, and adding, 

41y— 41 ; 
Whence y— 1. 

Substituting this value in 7y— 2a:=l, we find 

Substituting for x its value in equation (2), it becomes 



And substituting for y its value in equation (3), there 
results «=5. 
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23^+ 4y— 32 — 32 
43^— 3y+ 52=18 
6a;+ 7y— B — 63 



to find a;, y and a 
a:i=8, 3/^9, 2^12. 












^t'2, y:^20. 



4. Divide the number 90 into four such parts that th( 
first increased by 2, the second Jiniinished by 2, the thirfl 
multiplied by 2, and the fourth divided by 2, shall be eqiia^ 
to each other. 

This question may be easily solved by introfluciiig a new 
unknown quantity. 

Let X, y, z, and u, be the required parts, and deaig 
nate by m the several equal quantities which arise from 
the conditions. We shall then have 
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l''rora which we find 

«=:m— 3, y=m+2, *=~^< ic^2m. 
And by adding the equations, 

And since, by the conditions of the question, the firsi 
member is equal to 90, we have 

4^w-90, or fm = 90; 
hence m = 20. 

Having the valne of m, we easily find the other values : 



first ingot, It follows that one ounce o 

ounce of silver, and consequently in a number of oi 

denoted by a, there ii — ounctis of silver. In the 
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manner we would find that — —■ and — , express the niim 

ber of ounces of silver taken from the second and third, in 
form the fourth ; but from ihe enunciation, one pound of tliia 
ftmrth ingot contains 8 ounces of silver. We have, then, 
for the first equation, 



16 16 16^ 



or, making the denominators disappear, 

73;+12j( + 43 = ]28. 

As respects the copper, we should find 

3a: + 3y + 7s — 60, 

and with reference to the pewter 

6»^+y^-53=:6S. 

As the coefficients of y in these three equations, are 
tlie most simple, it is most convenient to eliminate this un- 
known quantity first. 

Multiplying the second equation by 4, and subtracting 
the first, we have 

ox+24z=U2. 

Multiplying the third equation by 3, and subtracting (he 
second from, the product, 

15»^+83— 14-1. 

Multiplying this last equation by 3, and subtracting the 
preceding one from the product, we obtain 

403^—320, 
whence x:=8. 
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Substitute this value for x in the equation 
15^ + 83^144- i 



it becomes 




1204-8s^l44, 


whence 




e — 3. 


Lastly, the 
llie equation 


iw 


■0 values 3-~8, 3 = 3, being subsiituted iri 
6r+y+53^68, 


jrive 




48+y+15 = 68, 


whence 




y = 5. 


Therefore, in order to form -j pound of the fourth ingot, 
we must take 8 ounces of tlte first, 5 ounces of the second, 
and 3 of the third. 



Verification. 
If there be 7 ounces of silver in If- ounces of the first 
ingot, in 8 ounces of il, there should be a number of ounces 
of silver expressed by 

7x8 
16' 



8 the quantity of silver c 
he second ingot, and 3 ounces of the third. 
Now, we have 

7X8 , 12x5 4x3 128 ^ 



therefore, a pound of the fourth ingot c 

silver, as required by the enunciation. The same con 

tions may be verified relative to ih-- I'oppcr and pewi.er 
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.6 A's age is double B's, and B's is triple of C'a, and the 
sum of all their ages is i40. What is the age of each ? 

Ans. A'8 = 84, B's = 42, andC'8^14. 

7. A person bought a chaise, horse, and harness, for 
£60 ; the horse came to twice the price of the harness, 
and the chaise to twice the price of the horse and harness 
What did he give for each ? 

^£13 6s. 8d. for the horse. 
Ans. ■? £ 6 13s. id. for the harness 
' £40 for the chaise. 

8. To divide the number 36 into three such parts that 
J of the first, ^ of the second, and J of the third, may be 
all equal to each other. Aiis. 8, 12, and 16. 

9. if A and B tog-ether can do a piece of work in 8 days, 
A and C together in 9 days, and B and C in ten days ; how 
many days would it take each to perform the same work 
alone 1 Ans. A 14f|, B 17^, C aS/r- 

10. Three persons, A, B, and C, begin to play together, 
having among them all $600. At the end of the first game 
A has won one-half of B's money, which, added to his own, 
makes double the amount B had at first. In the second 
game, A loses and B wins just as much as O had at the 
beginning, when A leaves off with exactly what he had al 
first. How much had each al the begiiming ? 

An.^. A $300, B $200, C $100. 

!1. Three persons. A, B, and C, together possess fSOJO. 
If B gives A $400 of his money, then A will have ».320 
more than B ; but if B takes S140 of C's money, then B 
and C will have equal sums. How much has each ? 

Ans. A $800, B «1280, C $1560. 

!2. Three persons have a bill to pay, which neither 
alone is able to discharge. A says to B, " Give me the 
4th of your money, and then I can pay the bill." B says 
to C. "Give me ihe 8ih of vn;ir<!. riud I csn nrpv it But 
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C says to A, " Von iniisl give me the half of yours before 
! can pay it, as 1 have but $8," What was tlie amount of 
iheir bill, and how much money had A and B ? 

J Amount of the bill, $13. 
"*" I A had $10, and B $1:^. 
13, A person possessed a certain capital, which he placed 
out at a certain interest. Another person, who possessed 
10000 dollars mure tlian the first, and who put out his capi- 
tal 1 per cent, more advantageously, had an income ^*eater 
by 800 dollars. A third person, who possessed 15000 dol- 
lars more than the first, putting out his capital 2 per cent, 
more advantageously, had an income greater by 1 500 dollars. 
Required the capitals of the diree persons, and the rates of 






( Sums at interest, S30000, 40000, 4500U. 
( Rates of interest, 4 5 6 pr. ct. 

14. A widow receives an estate of S15000 from her de- 
ceased husband, with directions to divide it among two sons 
and three daughters, so that each son may receive twice as 
much as each daughter, and she herself to receive $1000 
'uore than all the children together. What was her share, 
and what the share of each child ? 

/ The widow's share, $8000. 

Ans. ) Each son's, 2000. 

( Each daughter's, 1000. 

1 5. A certain sum of money is to be divided between 
three persons, A, B, and C. A is to receive $3000 less 
than half of it, B $1000 less than one third part, and C to 
receive $800 more than the fourth part of the whole. What 
is the sum to be divided, and what does each receive ! 

r Sum, $38400. 






Iti200. 
11800. 
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CHAPTER IV. 
Of Powers. 

79. If a quantity be rnultiplied seveiul times by itself 
the product is called the power of the quantity. Thus, 

a^^a is the rout, or first power of a. 

axa — w' is the square, or second power of a. 

axay.a=a^ is the cube, or third power of a. 

aXaXaX<'=:a' is the fourth power of a, 

axaxnxax a^=a^ is the filih power of a. 

In every power there are three things to be considered ; 

IsE. The quantity which is multiplied by itself, and which 
is called the root or the first pnvver. 

2nd. The small figure which is placed at. the right, and 
a little above the letter. This figure is called the exponent 
of the power, and shows how many times the letter enters 

3rd. The power itself, which is the fmal product, or 
result of the multiplic 



Quest.— 79. If & quantity be continnally multiplied by itself, ivhi 
the producl called ? How many tliiugs ale to bo consiiJeriid iu e' 
power t What »rc they ^ 
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For example, if wc suppose a — 3, we h?ye 

a— 3 the root, or 1st power of 3, 
o2~3=— 3x3— 9 the second power of 3. 
a^—3^—3 X3X3^ 27 the third power of 3. 
«' = 3*=3 x3 x3x3= 81 the fourth power of 3. 
C('':^35=3x3x3x3x3=243 the fifth power of 3. 

In these expressions, 3 is the root, 1, 2, 3, 4 and 5 are 
the exponents, and 3, 9, 27, 81 and 243 are the powers. 

To raise monomials to any power. 

80. Let il be requited to raise the monomial 2a^6^ to 
the fouiih power. We have 

{2a^'^Y=2a^b^ X 2a?b'^ X 2aW X -id'h^ 

which merely expresses that the fourth power is equal to 
the product which arises from writing the quantity four 
times as a factor. By the rules for multiplication, this pro 
duct becomes 

from wliieh we see, 

1st. That the coefficient 2 must be raised to the 4th 
power ; and, 

2nd, That the exponent of each letter must be multiplied 
by 4, the exponent of the power. 

As the same reasoning would apply to every example, 
we have, for the raising of monomials to any power, the 
following 
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RULE 

[. Raise the coejficienl to the required power. 

II. Multiply the eccponent of each letter hy the exponent oj 



1. Wliat is the square of Za^y^ 1 Ans. 'da'y^ 

2. What is the cube of 6ayxT Ans. SlBa'^y"!^ 

3. What is the fourth power of 2t^y^b^ 1 

Ans. IGd'Y^b^'' 

4. What is the square of o^Sy? Ans. a^b'")/^. 
6. What is the seventh power of a'bcd^ ? 

Ans. a^''h''c"(P^, 

6. What is ihe sixth power of a^^c^d ? Ans. a'^i'^c'^d^ 

7. What is the square and cube of —Za^b^ 1 

Square. Cube. 

+4o'6* +40*6* 

— 2a=J^ 

By observing the way in which the powers are formed, 
we may conclude, 

1st. When the root is positive, all the powers wHl he positive. 

3nd. When the root is negative, all the even powers inill be 
Msitive and alt the odd powers negative. 

Qdkbt. — 80. What ia a monomial ? Give the rule for raiamg a 
iioiioinial lo any power. ^^Tien the root ia positive, how will the powera 
JB ? When the root is nugative, how will the powers he ' 
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8. What is the square of — 3a'6' ? Ans. 4o»6». 

9. What is the cube of — 5oyc ? Ans. — I25«'-''^V- 
10. What is the eightli power of — a'xy^ I 

Ans. +'!^'3-*y" 
U. What is the seventh power of — a^yi^ ? 

Ans. -fl" 

12. What is the sixth power of 2a5^y^ 1 

Ans. SAa^^Y"' 

13. What is the ninth power of — cdi?y^ "i 

Ans. — c^<Pa 

14. What is the sixth power of —'SabH ? 

Ans. 739a66"(i«. 

15. What is the square of — lOo^i^c^T Ans. 100o*i'c«. 

16. What is the cube of -Qa%H=p ? 

Ans. ~729a^Vj'^,Pp. 

17. What is the fourth jiower of ~4a^hVd^ 1 

Avs. 256u206i2ci6J2o. 

18. What is the cube of -4o=iV<i ? 

Ans. -Ma'>bH'-'<P 

19. What is the fifth power of 2a'bHy ? 

Ans. Z2d'^b^'>!c^y^. 

20. What is the square of SOar^y^c^ ? Anj. 4001^^8^10. 

21. What is the fourth power of 3a^&V? 

Ans. Sla'SV^. 
23. What is the fifth power of -cU^x^i/>' 1 

Ans. — c'^J^a^i"!/"' 

23. What is the sixth power of —acMf \ 

Ans. a^c'^dlf^ 

24, What is the fourth power of -2aV^ ? 

Ans. !6a8csji2. 
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To raise Polynomials to any power. 

H I . The power of a polynomial, like that of a mono- 
iiial, is obtained by multiplying the quantity continually by 
rself. Thus, to find the fifth power of the binomial a\ b. 






a:^+2a^+ ah'' 

+ aH+ 2ah'' + 6^ 
.t'+2a'b-\- 2ab'^ + i' . . . 3rd power. 

u + b 

«' + 3«3i+ 3a=i2+ aifl 

+ n36+ 3g^fc'+3Qi3 + h* 
«*+4a3J+ GaW+ 4a//^ + b* 4th power 

<'+_b_ ^^ 

us + 4aij+ 6aH'+ iaH^+ a¥ 

+ a'i+ 4a^5^+ 6aW + Aab^ + b^ 
u^ + oa*b+l0d^b'^+l0a^P+5ab*+b^ Ans. 

Kemark. — 83. It will be observed that the number of 
unJtiplicaiions is always 1 less than the imits in the expo- 



is thp powpr of a polvnornial nbtalneil 1 
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Dent of the power. Thus, if the exponent is 1, no multiph- 
cation is necessary. If it is 2, we multiply once ; if it is 
3, twice ; if 4, three times, &c. The powers of polyno- 
mials may be expressed by means of the exponent. Thus, 
lopxpressthat n+b is to bn raised to the 5th power, we wnre 

which expresses the fifth power of a-\-b. 
2. Find the 5th power of the binomial a—b. 



- a^b+ 2ab^ —63 
i'— 3fl^i+ 3ab^ —P ... 3rd power. 



— a>b-i- 3a^^— 3ab^ + b' 

a^— 4a'6+ 60^6^— 4ai* -!- b* 4th power. 

a- h 

a*— 4a'i+ 5a^b'^~ Aa^li^+ ab^ 

— a*b-\- 4g^^- Ga^h^+Aah*-lfi 
a'-^5a^b+lQaW~lQaV,'^+5ah*—b^ Ans. 

QuiiST. — 82. How does the number of multiplications cotRpait 
:he eirponeiit of the power! If the exponent is 4. bow manv in' 
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3. What is the square of i)a~2c + d. 
5a — 2c + d 
5a — ge + d 
35a'— 10ac+ 5cid 

~10ac+ 4e^-2cd 

+ 5ad—2cd+ tP 
25a' — 20ac+10u<i+4e2— 4crf+if* Ans. 

i. Find ihe 4ih power of the hinomiaj 3a— 26. 

3a — 2A 1st powei 



9a^~ 12ab+4b'^ 2nd power. 

3a - 2b 

27a3- 36a=6+12a62 

— 18aU+24a42— SS' 

21a^— 54a26+36ai2_ 8*3 . . 3rd power. 

3a — 2b 

Bla*~l62aH-\'lOBa'b-'-~-24aP 

- bia^b-\-\OBaW~'!%ab''->r\U* 
81a *— 216a3i+216Q'6''— 96a63+16 6* Am. 

5. What is the square of the binomial a-\- 1 ? 

Ans. aS+2a+l. 

6. What is the square of the binomial a — 1 ? 

Ans. a* — 2a4 I- 

7. What is the cube of 9a— 3fi? 

Ans. 729aa— 729a^i+243ai'^ — 276^. 

8. What is the third power of a— 1 ? 

Ans. o^- 3a=+3a— 1, 
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a What is ihe ■1th power of x—y ? 

Ans. a^ — 4ic^v+6a^y~4iEy^ + y'. 
Ic. What is the cube of the trinomial x+y-Yzl 

Ans. x^ + 2xhj^2x^s + Zxy'^ + -ixz^ + Zjfz-\-2yz''+6xyz 

II. What is the cube of the trinomial 2q^— 4aS+3J^? 
Ans. 8aE— 48aS6+132a'i«-208aaiHl98Q2i*-!08a6' 
+ 276= 



To raise a Fraction to any Power. 

83. The power of a fraction is obtained by mnliiplj-iiig 
the fraction by itself ; that is, by multiplying the numerator 
by the numerator, a.nd the denominator by the denominator 



Thus, the cube of - 



(Ty=fxi 



h b i=' 

is found by cubing the numerator and denominator 6 
rately. 



m'= 



(b+cf 62+2ic+c« 
3. What is the cube of -^ 1 Ans. 



— 83 How do you find tlie power of a fraction' 
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4. What is the fourth power of -^r-s ? 

5, What is the cube of ^^ 1 






2a— 36 , 



Binomial Theorem. 

84. The method which has been explained of raising a 
polynomial to any power, is somewhat tedious, and hence 
other methods, less difficult, have been anxiously sought 
for. 'I'he most simple which has yet been discovered, is 
the one invented by Sir Isaac Newton, called the I 
Thforem. 
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85. Iti raising a quantity to any power, it is plain that 
there are four things to be considered :— 

1st. The number of. terms of the power. 
2nd. The signs of the terms. 
3rd. The exponents of the letters. 
4th. The coefficients of the terms. 

Of the Terms. 

86. If we take the two examples of Article 81, which 
we there wrought out in full ; we have 

(a + i) ==aS + 5a'6+10a=S2^I0«=63^5ai^ + 6= ; 

By examining the several multiplications, in Art. 8 1 , we 
shall observe that the second power of a binomial contains 
three terms, the third power four, the fourth power five, the 
fifth power six, &c ; and hence we may conclude — Thai 
the number of terms in any power of a binomial, is one greater 
than the exponent of the power. 

0/ the Signs of the Terms. 

87. It is evident that when both terms of the given bi- 
nomial are plus, all the terms of the power will he plus. 

2nd. If the second term of the binomial is negative, then 
all the odd terms, counted from the left, will be positive, and 



Quest. — 86. In raising a quantity lo any power, how m 
are to be consiclcred! What are they 1—80. How m y 
(hero in any power of a binomiall If the eiponent is 3 h 
terms 1 If it is 4, how many tenns 1 If 5 ! &c.— 87. If b. 
of the hinomial are positive, how are the terms of the pow 
iecnnil term is negative, how are the signs of the 'er:ii" ' 
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Of the Exponents. 

88. The leiier which occupies the first place in a bitio- 
niial, is called the leading letter. Thus, a is ihe leading 
letter in the binomials a-\-h, a — b. 

Isi. It is evident that the exponent of the leading Icttci 
in the first term will be the same as the exponent of tlie 
power ; and that this exponent will diminish by unity ia 
each term to the right, until we reach the last term, which 
does not contain the leading letter. 

2nd. The exponent of the second letter is 1 in the second 
term, and increases by unity in each terra to the right 
until we reach the last term, in which the exponent is the 
sa.me as tliai of the given power. 

3rd. The sum of the exponents of the two letters, in any 
term, is equal to the exponent of the given power. This 
last remark will enable us to verify any result obtained by 
the binomial theorem. 

Let us now apply these principles in the lwi» fiillowing 
examples, in which the coeflicieiits are omitted : — 

{a-^hf . . . a^ + a>b + a^h^ + a^^ + a^* + ab^ + h% 
(a— 6)6 . . . a^-a^b + a^b^—a^^ + a^b*~~ab'^ + /fi. 

As the pupil should be practised in writing the terms, 
with their proper signs, without the coefficients, we will add 



Qu 


EST.— 88, Which 


is the lead 


ling let 


ler of the binomial ! W 


hat 


thee. 


iponent of this lEttcr in the tii 


St tern 


i1 Ho* does it change 




teriii^ 


1 towards the right ! 


What is 


the CI 


iponent of the secozic! !el 


ler 1 


tlie 9< 


=condterm? How 


does il ch 


angeii 


1 llie terms towards the i 


■l^hi 


What k il in tlie Ust iBti 


nl What JB th{ 


1 euni of the exponents ii 




term 


equal to' 
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1. („ + t)3 . . „3+„u+aiH*'- 

2. (a~by . . a^~a^ + ct^''-ab^ + b\ 

H. (a + bf . . o5 + a'6+a3J2+a2i,3+o6'' + 6=. 

4. (a— by . . a'' — a% + a.^b'''—a''b'^ + a-V — a'-b^ + ab«~h-- 

Of the Coefficients. 

89 The coefticient of the hrst term is unity. The co- 
eflicient oi the second term is the same as the exponent of 
(be given power The coefficient of the third terra is found 
by mtiltipljiiig the coefficient ol the second term by the 
exponent of the leading letter, and dividing the product by 
2 And finallj — If the coefficient of any term he multiplied 
by the ex-ponent of the leading letter, and the product divided 
by the number which marks the place of that term from Ike 
left, the quotietit imll be the coefficient of lite next term. 

Thus, to &id the coefficients in the example 

(a~by o'-a'^b + aT-a^b-'-'-a^h^-a^b^-lab'-V 

we hrst place the exponent 7 ni a coefficient of the second 
term Then, to find the coefficient of the third term, we 
multiply 7 by 6, the exponent of a, and divide by 2. The 
quotient 21 is the coefficient of the third term. To find the 
coefficient of the fourth, we multiply 21 by 5, and divide 
the product by 3 : this gives 35. To find the coefficient of 
the fifth terra, we multiply 35 by 4, and divide the product 
by 4 : this gives 35. The coefficient of the sixth term, 
found in the same way, is 21 ; that of the seventh, 7 ; and 
liiai of the eighth, 1, Collecting these coefficients, we 
have 

h' — 7o«i+21a=i^ — 35a'i3+35a=M— 2Ia3i'+7aS' — ft'. 
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Remakk. — We see, in examining this last result, that the 
coefficients of the extreme terms are each unity, and thrit 
the coefficients of terms equally distant from the extreme 
terms are equal. It will, therefore, be sufficient to find the 
(■oRfficients of the first half of the terms, from which the 
cithers may be immediately written. 



1. Find the fourth power of a+i. 

Ans. a* + 4a^-i-Ga^b^ + iab^+!>\ 

2. Find the fourth power of a—b. 

Ans. a^-ia^+Ga^'h^—Aalj^+h* 

3. Find the fifih power of o+J. 

Ans. oH5a'i+10a3i2-f 10a2i^ + 5aA*+J'. 

4. Find the fifth power of a~b. 

Ans. a=-5a*J+10a3S'-10a2i3+5ai'— J». 
3. Find the sisth power of a+b. 

Ans. a^+6a^b + l5a^b'' + 20a^^+15a^^+6ab^ + b^. 

6. Find the sixth power of a — b. 

Ans. a"— 6asi+15a*i2_20a3i3+i5a26t— 6a6=+6s 

7. Let it be required to raise the binomial 3a''s—2bd to 
the fourth power. 

It frequently occurs that the terms of the binomial are 
affected witii coefficient^ and exponents, as in tlie above 



QwBsT,— 89, What is the coefficient of the first term ? What is the 
coelficieiit of the second } How do you find llie coefficient of ihe third 
term ? How do you find the coeflicien'. of any term! "What ore the 
ooefficiBnta of the first and last tenns ! How are the coefficientB o/ 
tBrms equally diatimt fixtm the eitromes '. 
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exajnple. In the first place, we represent each term of tho 
binomial by a single lelter. Thus, we place 

Ha^c=x, and — 2bd^)/< 
we then have 

But, a;=~9a'e2, 3p=27a^c^, x' = 8lific* ; 

and y^='l:b^iP,y^= — 8bW, y'^lGl'dK 

Substituting for x and y their values, we have 
(3a^c~2MY^{3a^cy-i-i(Sa'cf(-2bd) + 6(3aHY {-2M)= 

+ 4(3(i^e) {~2bdf+{—2bd)\ 
and by performing the operations indicated, 
(3a^c—2bdY = 8\a^c'~2l6a'''c^d + 215a^cWiP — 96aHbW 
+ I6b''d\ 
S. What is the square of 3a— 6b t 

Ans. 9tt2_36ui + 3fiR 

9. W?at is the cube of 3x--6y ? 

Ans. 27a;^ — 162a;2y + 334^3'2— 216^^. 

10. What is the square of x—y ? 

Ans. x^~2xy-i-j/^. 

11. What is the eighth power of m-\-n ? 

+ 28m%e + 8»in" + nS. 

12. What is the fourth power of a— 3b ? 

Atis. a'^ — l2a^+5ia^^ — l08ab^-i-a[b\ 

13. What is the fifth power of c—2d ? 

Ans. c^~l0c^d+40c^<P—80c''d^-{-80cd*~32d^. 

14. What is the cube of 5a— 3d » 

Ans. 12ga3-295<i«*/+I35(Kp— 27rf? 
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Remark. The jKiwers of any polynomial may easily be 
foiiiiil by the Binomial Theorem. 

15. For example, raise a+b+c to the third power. 

FiiEt, put ... , h-i-c^d 
■i'hen, {a+b+cY^{a+d)^=a»+3a^d+3ad'+d\ 
Or, by substituting for the value of d, 

+ c3. 

This expression is composed of the cubes of the three 
terms, plus three times the square of each term by tlte first 
powers of the two others, plas six limes the product of all 
three terms. It is easily proved that this law is true for any 

To apply the preceding formula to the development of 

the cube of a trinomial, in which tlie terms are affected 

with coefficients and exponents, designate each term by a 

single letter, then replace tlie letters introduced, by their values, 

and perform the operations indicated. 

From this rule, we find that 

(3„2_4ai+3i.=)3=8a«-48a56H-132a*62_308a3ja 

+ 198a't'-108fli^+2768. 

The fourth, fifth, ifec, powers of any polynomial can in; 
found in a similar manner. 

16. What is the cube of a-~2b+c ? 

Aas. <^-8P+i^~Ga'^b+3a^c+12al>^+l2b^e+3ac^ 
—Gbc''-12abe. 
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CHAPTER V. 

Extraction of the Square Root of Numbers. Forma- 
tion of the Square and Exiraction of the Square 
Root of Algebraic Quantities. Calculus of Radicah 
of the Second Degree. 

90. The square or second power of a number is the 
product which arista from muhiplyinff that number b> it^velf 
once: for example 49 la thf aiuirt ol 7 and 144 is ih 
square of 12. 

91. The square foot of a number is that number which 
being multiphed by itself once will pioduce the gnen num 
ber. Thus, 7 is the square root of 4'5 and 12 the square 
root of 144: for, 7x7=49, and 12x12 = 144. 

92. The square of a number, either entire or fractional, 
is easily found, being always obtained by multiplying this 
number by itself once. The extraction of the square root 
of a number is, however, attended Tith some difficulty, an<l 
requires particular explanation. 



—90, What is the s 



J h. Google 



I'.i4 ELEMENTARY ALGBBIia. 

The first ten numbers arc. 

1, 2, 3, 4, 5, (i, 7, 8, 9, 10; 

and their squares, 

1, 4, 9, 16. 25, 36, 49, 64, 81, 100; 

and reciprocally, the numbers of the first lino are the squarn 
roots of the corresponding numbers of the second. We 
may also remark that, the square of a number expressed hy a 
single figure, will contain no figure of a higher denomination 

The numbers of the last line, 1, 4, 9, 16, <Sjc, :md all 
other nunibers which can be produced by the mulii]ilicatjon 
of a number by itself, are called perfect squares. 

It is obvious that there are but nine perfect s(]uires among 
all the numbers which cJn be expressed by one or two 
figures : the square roots of all othT numbers expressed 
by one or two figures, will be found between two whole 
numbers diflering from each other by unity. Thus 55, 
which is comprised betiieen 49 and 61, has for lU square 
root a number between 7 and 8 Also 91, which is com- 
prised between 81 and 100, has for its square root anumber 
between 9 atiJ 10. 

93 Eierj number m^^ be reg rded is mile up of a 
certain number of tens and a ctrtim number ol units. 
Thus 64 IS made up ot 6 tens an I 4 unitb and nn\ be e .■ 
pressed under the form 60+4 



12. What will t)o the highest denomination of the s 
espressed by a single fioure 1 What are p<ir''i>cl siin 
e there bttwteii 1 and 100 7 What arp ihc,- ■ 
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Now, if we represent the tens by a and the units by b, 
we shall have 

a + h -64, 
and (a+lY^l64Y ; 

or a5+2BA + 6^=4096. 

Which proves that the square of a number composed ol' 
tens and units, contains the square of the tens plus lance the 
product of the tens hy the units, plus the square of the units. 

94. If, now, we make the units 1, 2, 3, 4, &c, tons, or 
units of the second order, by annexing lo each figure a ci- 
pher, we sliall have 

10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 

and for tlieir squares, 

100, 400, 900, 1600, 2500, 3600, 4900, 6400, 8100, 10000. 

From which we see that the square of one ton is 100, the 
square of two tens 400 ; and generally, that the square of 
tens will contain no figures of a less denomination tlian hun- 
dreds, nor of a higher name than thousands. 

Ex. 1. — To extract the square root of 6084. 

Since this number is composed of more than 
two places of figures, its root will contain 60 84 

more than one. But since it is less than 1 0000, 
which is the square of 100, the root will contain but two 
figures : that is, units and lens. 

Now, the square of the tens must be found in the tivo 



QiTKST, — 93. How may every immber be regarded as made up t \\'hai 
is the square of a number composed of tens and units equal lot — 
94. 'U'hat is the square of one ten equal to 1 Of 2 tciia? Of 3 
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left-hand figiu-es, which we wiil separate from the other two 
liy putting a point over the place of imits, and a second over 
the place of hundreds. These parts, of two figures each, are 
called periods. The part 60 is comprised between the two 
squaies 49 and 64, of which the roots are 7 and 8 : hence, 
7 is the figure of the tens sought; and the required root is 
composed of 7 tens and a certain number of units. 

The liguro 7 being found, we 
write it on the right of the given 60 84 I 78 

number, from which we separate 49 | 

it by a vertical line: then we 7x2=148 I 1184 
subtract its square, 49, from 60, | 118 4 

which leaves a remainder of 1 1 , o~ 

to which we bring down the two 

nest figures 84. The result of this operation, 1184, con- 
tains twke ilte product of ike tens by the units, plus the square 
of the units. 

But since tens multiplied by units cannot give a product of 
a less name than tens, it follows that the last figure, 4, can 
form no part of the double product of the tens by the uniis ; 
this double product is therefore found in the part 118, which 
we separate from the units' place, 4. 

Now if we double the tens, which gives 14, and then di- 
vide 118 by 14, the quotient 8 is the figure of the units, or 
a figure greater than the units. This quotient figure can 
never be too small, since the part 118 will be at least equal 
to twice the product of the lens by the units : but it may be 
too large ; for the 118, besides the double product of the 
tens by the units, may likewise contain tens arising from 
the square of the units. To ascertain if the quotient 8 ex- 
presses the units, we write the 8 on the right of the 14, 
which gives 148, and then we multiply 148 by 8. Thus, 
we evidently form, 1st, the square of the units; and, 
■3nd, till. ri,",i.l», product of th« tens by the uniw, Thi. 
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muliiplication being effecled gi\es for a. product 1184, a 
iiiiiiiber equal to the result ol the firat operation Having 
subtracted the product we bud the remainder equal to : 
hence 78 is the root required 

Indeed m the uperations we hate merely subtracted 
from the gnen number 6084 Jst, the square of 7 tens, or 
■^l , 2nd twice the product of 70 by 8 and 3d the square 
ot 8 that la the three pirt^i which enter into the composi- 
tion of the square "0+8 or 7B and since the result of 
the subtraction is it follows lhs,t 7b i& the square root of 
6084 

95 Remark — The operations m the last example have 
been performed on but two penods but it is plain that the 
same reasoning is equally applicable to larger numbers, for 
b\ fhangmg the order of the units we do not change the 
relation in which thej stand to each other 

! hus m the number 60 84 15 the two penods 60 84 
hivfl the same relation to ea<.h other as in the numbtr 
60 84, and hence the meihoJa used in the last example 
are equally applicable to larger numbers 



96 Hence lor thf (.\tracUon of the square root of 
QuiTibers we haie the ijllowin^ 

RULE. 

I. Separate the given number into periods nf two figures 
•Itch, beginning at the right hand : — the period on the left wilt 

II. Find the greatest square in the first period on the tej . 
atid place its root on the right, after the manner of a quotient 
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tn divtsion. Subtract the square of the root from the first 
period, and to the remainder bring down the second period for 
a dividend. 

III. Double the root already found, and place it on the lift 
for a divisor. Seek how many times the divisor is contained 
in the dividend, exclusive of the right-hand figure, and plact 
the figure in the root and also at the right of the divisor. 

IV. Multiply the divisor, thns augmented, by the last figure 
of the root, and subtract the product frmn the dividend, and to 
the remainder bring down the next period for a nevi dividend 
But if any of tlie products should be greater than the dividend, 
diminish the last figure of the root. 

V. Double the whole root already found, for a new divisor, 
and continue the operation as before, until all the periods are 
-ii'Ught dovm. 

97. 1st Remakk. If, after all the periods are brought 
down, there is no remainder, the proposed number is a per- 
fect square. But if there is a remainder, you have only 
found the root of the greatest perfect square contained in 
the given number; or the entire part of the root sought. 

For example, if it were required to extract the square 
root of 665, we should find 25 for the entire part of the 
root, and a remainder of 40, which shows that 665 is not 
a perfect square. But is the square of 25 the greatest per- 
fect square contained in 665 ? that is, is 25 the entire part 
of the root 1 To prove this, we will first show that, the 
difference between the squares of two consecutive numbers, is 
equal to twice the less num/ier augmented by unity. 



QuEKT, — 96, Give the rule for ojttacling the sqiia 
What is the first etepl What the second' What 
iliB fourth 1 What the fifth ? 
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! SqUASE EOOT. 



Lei , . a=; the leas number, 

uid . . a+ 1 ^ the greater. 

Then . (Q+i}3^a3-f2a+I, 
-1 ■ ■ ("? = -'■ 

Their difference is ^ 2a+I as enunciated. 



Hei 



!, the e 



s part of the root c 



lugmentei]. 



unless the remainder exceeds twice the root found, jilus 
unity. 

But 25x3 + 1 =51 >40 the remainder: therefore, 23 is 
the entire part of the root. 

S8. 2nd Remark. — The number of figures in the root 
will always be equal to the number of periods into which 
the given number is separated. 



1. To tind the square re 

2. To find the square re 

3. To find the sqtiare re 
•1. To find the square ro 

5. To find the square re 

6. To find lite square ro 

7. To find the square ro 

8. What is the square ri 

9. What is the square ri 
lO. What is the square ri 
tl. What is the square n 



t of 722S. 
t of 17C89. 
t of 994009. 
t of 85673530. 
t of 67798756. 
tof 978121. 
t of 956484. ■ 
)t of 3'i372961 1 
It of 33071204? 
.tof 106929? 



Ans. 133. 

Ans. 997. 
Ans. 9256. 
Ans. 8234- 

Atis. 989. 

Ans. 978. 
Ai,s. 6031. 
Ans. 4698. 

Am: 327. 



tof 12088868379035 1 
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9y. 'Sri Remark. — If the given number has not an exact 
root, rhere will be a remainder after all the periods are 
brought down, in which case ciphers may be annexed, 
forming new periods, each of which ivill give one decimal 
place in the root. 

I. What is the square root of 36729 ? 





3 67 29 191,64 + 

1 1 




2 9I2G7 




I26I 


In this example there are 
two periods of decimals. 


38 116-29 

|3ei 


which give two places of 
decimals in the root. 


382 6124800 
|229.i6 




3832 41184400 




|l53296 




31104 Rem. 


2. What is the square root c 


f 2268741 ? 




Ans. 1506,23 + . 


3. What is tlie square root o 


f 7596796 ? 




Am. 2756,22+. 


4. What is the square root o 


f 96? 




Ans. 9,79795 + . 


3. What is the square root c 


f 153? 




Ans. 12,36931 + . 


6. What is tlie square toot c 


f 101 ? 




Ans. 10,04987 + . 



QuisT— 99, How 
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141 



7. Wliai is tho square root of 285970390644 1 

Ans. 534703. 

8. What is the square root of 41 605800623 1 

Ans. 203i>75. 

9. What is the square root of 48303584206084 ? 

Ans. 61150078, 

Extraction of the square root of Fractions. 

100 & h q dp r f 

Ibyq hm ddu p 

ly 11 h h q f f n will he 

1 hq fh mwdddbyl 

q f h d to 

For example, the square root of — is equal to — : for 



1, What is the square roo 


of 


4 ■ 


An,. -. 


2, What is the square roo 


of 


^' 


4 


3. What is the square roo 


of 


64, 
81 ■ 


-1 


4. What is the square roo 


of 


Hf' 


..,,.- 


5. What is the square roo 


of 


16, 

64 ■ 


A.,. 1. 


QuEBT.—lOO. If the numenitoi 


an 


ilenominaior 


of a froction are 


perfctt aqiiares, bow will Tou eitrat 


tlh 


sqnar* 1 JOl 1 
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6. What is the square root of 

7. What is the square root of 



TARY ALGEUnv. 

_4096 , 
61009 ■ 
582169 ^ 
956484 ■ 



! O I . If neither the numerator nor tho deiiuminator is a 
porlect square, the root of the fraction cannot be exactly 
found. We can, however, easily find the approximate root. 
For this purpose, 

Multiply both terms of the fraction by the denomitiator, 
which makes the denominator a perfect square without altering 
the value of the fraction. Then, extract i.he square root of 
the numerator, and diitide this root by the root nf the denomi- 
tor ; this quotient vnll be the approximate root. 

Thus, if it be required to extract the square root of -^, 
we multiply both terms by 5, which gives — . 

We then have 

1^15 = 3,8729+ : 
hence, 3,8729+ ^ 5 — ,7745+— Ans. 

2. What is the square root of — ? Ans. 1,32287+. 

3. What is the square root of — ^ Aj/s. 1,24731 +. 

4. What is the square root of H-;? ^ 

Ans. 3,41869+ 



Qdest.— 101. It the numerator ai.d denominator of a fraction ai 
perfect squarfs, how do you ejtract the sijuite riml i 
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5. What is the square root of 7^ ? Ans. 2,71313+. 

6. What is the square root of 8— ? Aiis. 2,8S303 + . 

7. What is the square root of ^ ? Ans. 0.6-1549+. 

a. What is the square root of 10— ? 

Ans. 3,30936 + . 

108. Finally, instead of the last method, we may, if we 
pie.... 

Change the vulgar fraction into a decimal, and continue the 
divisum until the number of decimal places is double the number 
of places required in tlie root. Then, extract the root of the 
decimal by the last rule. 

Ex. 1. Extract the square toot of — to within ,001. 

This number, reduced to decimals, is 0,7857H to within 
0,000001 ; but the root of 0,785714 to the nearest unit, is 

,886; hence 0,886 is the root of — to within ,001. 

3. Find the ySj-^ lo within 0,0001. 

Ans. 1,6931 + 

3. What is l]»e square root of — ? Ans. 0,24253+ 

4. ■What is the square root of — 1 Ans. 0,93541 +. 
6. What is the square root of — ? Ans. 1,29099+ . 

QuBST —102, By what other method may the root be found! 
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Extraction of the Square Root of Mm 

103. In order lo discover the process for extracting the 
square root, we must see how the square of the iiionoiiii'i. 
is formed. 

By the rule for the muliiplicaiion of monomials (An, ■!■"}, 

that is, in order to square a monomial, it is necessary lo 
square lis coe^cient, and double each of the exponents of the 
different ktlers. Hence, to find the root of the aquare of a 
monomial, we have the following 



1. Extract the square root of the cocjfdcnt. 
II. Divide the exponent of each Utter by 2. 

Thus, V64a''ii' = 8a=6^ for 8o'i«x8a=iS = 64«6J'. 

2. Find the square root of Glfufib^c^ . Ans. 25oi*c'. 

3. Find the square root of 51Ga''b^c^. Ans. 24u=6V. 

4. Find the square root of l^G^^'ifz*. Ans. lix'ifs^. 

5. Find the square root of AAlanfic^"/!'^. 

Ans. 21aV(Vti8. 

6. Find the square root of 784ni'ii-i£"'jj. 

Ans. 28a^b'c^d. 

7. Find the square root of Sla^b'c^. 

Ans. ^a*b^c^. 



QucsT,— 103. How do you Bitratt Hit aqua 
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104. From the preceding rule it follows, that when a 
monomial is a perfect square, iCs numerical eoejicieiit is a 
perfect square, and ail its exponents even numbers. Thus, 
25«^i^ is a perfect square, but S8ai* is not a. perfect square, 
because 98 is not a perfect square, and a is aflected with 
an uneven exponent. 

In the latter case, llie quantity is introduced into the cal- 
culus by affecting it with the sign ^Z , and it is written 
thus ; ___ 

\/9&ab*. 

Quantities of this kind are called radical quantities, or irra- 
tional quantities, or simply radicals of the second degree. 
They are also, sometimes called Surds. 

These expressions may often be simplified, upon the prin- 
ciple that, the square roof of the product of tux) or Tnare factors 
is equal to the product of the square roots of these factors ; or, 
in algebraic language, 

V^ra . . . =^/a . yi . Vc.V'l ■ ■ ■ 

This being the case, the above expression, v98af, can 
be put under the form 

V'49ft'x2u= v'49Fx Va^ 

Now vidb* may be reduced to 7i^ ; hence. 

In like manner, 

i/45a^''c^<l= V&K^iV X 5U=3abc -^/aJJ, 
-v/e6<(.i'AV=: vT44P6V'"x6&f = 12aJVv'B5c 
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The quantity which stands without the radical sign is 
called thfi cy^j^ci'entof the radical. Thus, in the expressions 

the quantities 7i^, Sabc, 12a/fic^, axe called coefficients of 
the radicals. 

Hence, to simplify a radical expression of the second 
degree, we have the following 



I. Separate the expression into ttco parts, of which one shall 
ennlain all the factors that are perfect squares, and the other 
tile remaining ones. 

II. Take the roots of the perfect squares and place them 
before the radical sign, under which leave those factors vihiek 
are nut perfect squares. 

105. Remark. — To determine if a given number has 
any factor which ia a perfect square, we examine and see 
if it is divisible by either of the perfect squares 

4, 9, 16, 25, 36, 49, 64, 81, &c ; 

and if it is not, we conclude that it does not contain a fac- 
tor which is a perfect square. 



Quest.— 104. l^Tien is a monomial a perfect square! When it is 
not a perfect square, how \s it iiilroiluced into the calculus i \VTiat are 
qiisntilies of this kind called ' May they be simplified ! Upon whal 
principle 1 What is a coefficienl of a radical ? Give the rule for reducing 
radicals. — 105. How do you determine whether a given number hsa ■ 
fflctoi which IB 8 jierfrcl siluarc ' 
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1. Reduce -^/Itid'bc lo its simplest form. 

Ans. 5a y/^abc. 
3. Reduce ■yT28pQ^ to its simplest form. 

Ans. Sb'^a>dy/2f. 

3. Reduce -y/WtfiWc to its simplest form. 

Ans. A<^b*-y/2M. 

4. Reduce i/25Q^S*^ to its simplest form. 

Ans. leoi^c*. 

5. Reduce •v/l034aWc° lo its simplest form. 

6. Reduce T/729a'b^ifid to its simplest form. 

Ans. 27a^^e^-</^. 

7. Reduce ■^675a''b^c^d to its simplest form. 

Ajis. ISa^i'cy^^. 

8. Reduce vT445a^c^ to its simplest form. 

Ans. 17ac'iP-/5o. 

9. Reduce -/lOOS^^n^ to its simplest form. 

Alts. I2a*(Pm*-\/7a7. 

10. Reduce \/2l56a^%^c^ to its simplest form. 

Ans. lAa'b^c^ y/TT. 

11. Reduce i/Z05a'b^d^ to its simplest form. 

Aas. Sa'Pd^t/Sa 
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106. Since like signs in both the factoia give a plus 
sign in the product, the square of —a, as well as that of 
+a, will be o* ; hence the root of a' is either +a or —a 
Also, the square root of 25a^* is either i-5ab^ or — 5a6'. 
Whence we may conclude, that if a monomial is positive 
its square root may he affected either with the sign + or 
~ ; thus, V9a*=±3a^; for, +3a^ or — 3o^ squared, 
gives 9a'. The double sign ± with which the root is 
affected is read^iuj or mmus. 

If the proposed monomial were negative, it would be im- 
possible to extract its root, since it has just been shown that 
the square of every quantity, whether positive or negative, 
is essentially positive. Therefore, 



are algebraic symbols which indicate operations that cannot 
be performed. They are called imaginary quantities, or 
rather imaginary expressions, and are frequently met with 
in the resolution of equations of iho second degree. These 
symbols can, however, by extending the rules, be simplified 
in the same manner as those irrational expressions which 
uadicate operations that caimot be performed. Thus, V— 9 
may be reduced by (Art, 104:). Thus, 






- \'ia^ X --Ih^la ■/=2l^2a v^Fx 



Ql'kst.— 106, What si^ i» placed befotB the sq 
misl? Why may 100 placE the sigii plus or nuiiu 
ginvj quBiuiijr ? U'hy ia it calied imagiiiaty > 
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Of the Calculus of Radicals of the Second Degrr'- 

107. A Tudical quantity is tlii> inilictiled root of an 
iinjierfect power. 

'['lie estractiori of the square root ^ves rise to such ex- 
pressions aa -/oT 3VC 7-1/37 which are cnlled fm<- 
tional quantities, ox radkah of tlie sramd dfgree. We will 
now establish ruks for jierfimning tin:- four fuiidamKni:ii 
operations on these expressions. 

!08. Two radicals of the second degree iire simUur, 
when the quantities under thf radical sign are the aaiin- lu 
both. Thus, a/Tand 5c Vfi" are similar radicals ; and 
Bo also are 9 ^/2 and 7 -y^ 



109. Railicals of the second degree may be added 
together by llie following 



I. If the radicals are, similar add their rjifficicnts, and to 
the sum annex the cvmmon radical. 

II. If the radicals are not similar, rnnnnct ih-m togethtr 
•nith their proper signs. 

Thus, 3,1 V-H-Sc v^^(3a + 5c) yT. 



QpKET.— .107. What is a radical quantity ! What ate such quoniiiics 

called?— 108, When arc radicals of the second degree similar^— 

109. How do you add similar radicals of the second degree ' How do 

(FOU Slid radicals which are not similar' 

H 
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In like manner. 

7 ^20+ 3 V^^ ("^ + 3 ) ^2^= 1 ■v''2u; 

Two radicals, which do not appear lo be similar at firsi 
sight, may become so by simplification (Art. 104). 

V48a6=+fi ■y/T^—Ah ^/^+5h V^^M -v/So"; 

and S ■■/4b-\-Z^/^=e -\/5 + 3 '/S=^ y/^. 

When the radicals are not similar, the addition or sub- 
traction can oniy be indicated. Thus, in order to add 



5-v^r we 



5-v/"+3-v/5 



I. What is the sum of y/Wfa^ and V^SaH 

Ans. 7o-v^3. 
3. What is the sum of y'SOa-'fi^ and VTa^^iM 

Ans. \lo^h-\/''z' 



3. 'Vhat is the sum of - 



fSa^ 



15 



4. What IS the sum of V125 and VSOOa^ ? 

Ans. (5+ 10a) VST 
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5. What IS ihe si 

6. What is the si 
"■ What is the si 
■i Required the i 
9. Required the i 



"''Vw ^""^ v^ 



10 



nof -v/gSo^ and ^Sex^—SGu-' 

Ans. ta^x^^-yf^-a'-. 
11 of V^SoV and v'288oV"! 

Ans. (7a+12aV)V2x 
im of -/fir and ^128. 

Ans. 14 -/a . 
un of V27 and -^Jl^. 

Ans. 10 -/S'; 



10. Required the sum of i 






50 ■ 



11. Required the i 

12. Required the : 

13. What is the si 
14 What is the si 



im of 2 V^ and 3 -v/644xr 

unof VaW and lOv'3^ 

..iits. ]19-/^. 
11 of -v/saoS^P and y'sisJI^p ' 

Aris. {%ah-irla*V)^/H. 
uof V75S^ and V^OOoSis ? 

vins. (5a363^10a3j2)y^_ 
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110. To subtract one radical expression from auodier, 
we have the following 

RULE. 

I. If the radicals are similar, subtract l/ieir cor Jjicie ills, 
and to the difference annex the cormnon radicid. 

II. If the radicals are not similar, their differeni-e can only 
he indicated by the minus sign. 



1. What is the difference between 3a -y^ "-^^ ay/li ? 
Here ^a-fl-a^=1a-/~b: Ans. 

2- From BaySrJ^ subtract 6a^27b\ 
First, 9a\/2TF^37ai-/37 and 6a-/277,'=r lSu6 VT; 
and 27i>h'^~3 — 18ab^ — 9ai-x/^li Ans. 

3 What is the Jiff^rence of -/TS and -^l^ ^ 

Aiis: -/J". 
4. What is the differmce of i/2iaH^ and -/M?'^ 
Ans. (2u6— 3i-) v'" 
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5. Required the diflerence of \/— "'h' 



'^, 



6. What is the difference of y/T2M^? au.l V32^' 
Am. {Bab-U^)-^fu: 
1. What is the dilference of -/Ui^ and ^/^F ! 

Ant. Aah^/^~■.i^f^. 

8. What is the difference of -/^Is^fis „„,] ^2^355"? 

Alls. {\{aVfl-ab)-y/2^. 

9. What is the dilference of i / — and \/ - I 

V 4 V 'J 

An. L^T. 

10. W'hat is the ditTerence of \/330u= and -v/Slk? 1 

J 1 What is the difference between 

V^"m?P and v'243^^^" ? 

Am. {l2u4-7e</)VoaT 
13, What is the difference between 

-^OGSaW and V^OO^' ? 

An5. 12o6v'2. 
13. What is the difference between 

vTUiisp and ^28a^b^ ? 
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Mu Itiplication. 



111. For the multiplication of radicals, ive have the 
(bllowing 



I. Multiply the quantities tender the radical signs together, 
and place the common radical over the product. 

II. If the radicals have coefficients, we multiply them to- 
gether, and place the product before the common radical. 

Thus, ^X-y/T=^M; 

This is the principle of Art. 104, taken in the inverse 



1. What is the product of 3 -/5aJ and 4 V20a ? 

Ans. 120a yT 

2. What is the product of la-^fSc and Za-^/Yc''. 

Ans. Ga^c 

3. What is the product of 2aVa^+^ and —^a1/^'+{^^ 

Ans. -6a>2 + i'). 



Quest, — III. How do yon multiply i^uantitieB which are under radi- 
cal signs \ When the radicals have coefficienls, liow do yon multipU 
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4. What is the product of 3 ifT" and 2 Vs"^ 

Am. 24. 

5. What is the product of fVfa^ and Avf^' 

^nj. ^flflJc yis. 

6. What is the product of 1x-Y yfb and Sa— y^ ? 

7. What is the product of 

Va+2V* and ^0—2%/*? 

Ans. Va=-4/.. 

8. What is the product of ^a^fTs^ by y^ ■ 

Ans. 9o3y^, 

112. To divide one radical by another, we have the 
following 

RULE. 

I. Divide one of the quantities under the radical sign hy the 
other, and place the common radical over the quotient. 

II. If the radicals have coeffi-dertts, divide the cop^ment of 
the dividend by the coe^icient of t/ie divisor, and place the 
quotient before the common radical. 



Quest, — 113. How do you divide quantities which are under the 
radical eign 1 When the radicals have coefBcienta, how do you dii-ide 
tbeml 
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Thus, Y= —\J— \ for the squares of these i 

expressions are equal to the same quantity — ; hei 
t)ie expressions themselves must be equal. 



I.Divide 5av^ by 1h-^. Ans.^-J^, 

a. Divide 12acv'5SB by \aiJW. Ans. ^a^/Tc. 

3. Divide &a-^/M¥ by 3V^- A.ns. 4a6V3. 

4. Divide 4a'-v/50i* by So^'V^ Ans. 2J'VT0. 

5. Divide 2Ga36V81a^ by 13uV9^*~ 

6. Divide 84a'6< v'27ac by 43aiV3^ 

7. Divide vV by V^. -Anj. Ja. 

8. Divide 6a'i^-/20^ l>y ISV^a. Ans. w'b^. 

9. Divide 6n-/l0P~ by 3-v/57 An,^. 2aJ-v/2, 

10. Divide 48J'Vl5' by 2b■^^/^. Ans. 360i'. 

11. Divide So^iVVriP by 2a^/2M: 

Ans. 2ab*cM. 

12. Divide gGaVVOSF by 48ai<;-/2^ 
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13. Divide •ila-'lfi ^/%\a' by -'fUi. 

Ans. 37(i«i«V3. 

14. Divide ISa^S^yg^ by ^ah-J^. 

Ans. 6a8JV3 

To Extract the Square Root of a Polynomial. 

113. Before explaining the rule for the estraction of 
the square root of a polynomial, let us first examine the 
squares of several polynomials : we have 

{a+b+c + d)^=a^+2ab+b''+2(a + b)c+c^ 

The law by which these squares are formed can be enun- 
ciated thus : 

The square of any polynomial contains the square of the 
first t^Tn, plus twice the product of the first term by the second, 
plus the square of the second ; plus twice the frst two terms 
multiplied by the third, plus the square of the third ; plus twice 
the first three terms multiplied by the fourth, plus the square 
of the fourth; and so on. 



QnsT.— 113, Wliat is the squors of a binomial eq^al to \ Vthal 
The square of a trinomial equal to] What ia (he sijusrs of anj 
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114. Hence, to extract the square root of a polynomial 
re have the fol! owing 



I. Arrange Oie polynomial isilk reference to one of its letters 
and extract the square root of the first term: this will give the 
first term of the root. 

II. Divide the second term of the polynomial by double tk« 
first term of the root, and the quotient will be the second term 

of the root. 

III. Then form the square of the two terms of the root 
found, and subtract it from the frst polynomial, and then 

divide the first term of the remainder by double the first term 
of the root, and the quotient will be the third term. 

IV. Form the double prodttcts of the first and second terms, 
by the third, plus the square of the third ; then subtract all 
these products from tlie last remainder, and divide the first 
term of tlie result hy double the first term of the root, and the 
quotient will be the fourth term. Then proceed in the soma 
manner to find the other terms. 



1 Extract the square root of the polynomial 

4no«J'!-34<763+25a'-30a36+16K 

First arrange it with reference to the letter a. 

25a« — 30a3i + 49a26=— 24ai3 + i6S» I Sif^ — 3ai + 4i« 

25a-' — 30a36+ Oa^fc^ | lOo^ " 

40n2i2_24aJ3_|_i6i« Ist Rem. 

AOa^b-^-IAaP+lW 
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After having arranged the polynomial with reference to a, 
extract the square root of 25a*, this gives ba\ which ia 
placed at the right of the polynomial ; then divide the 
second term, —30a^l/, by the double of 5a=, or iOa' ; Hie 
quotient is —3ab, and is placed at the right of 5a^. Hence, 
the first two terms of the root are 5a^— 3ti6. Squaring this 
binomial, it becomes 25a*— SOa^i+Sa^S^, which, subtracted 
from the proposed polynomial, gives a remainder, of which 
the first term is 40a%'^. Dividing this first term by 10a', 
(the double of 5o'), the quotient is +46' ; this is the third 
term of the root, and is written on the right of the first two 
terms. By forming the double product sf 5o^— 3ai by 4b'\ 
and at the same time squaring 4i^, we find the polynomial 
40a^6^— 24a6^+166^, which, subtracted from the first re- 
mainder, gives 0. Therefore 5a^~3ab+4b^ is the required 
root. 

3. Find the square root of a'+4a'!c-\-6a'x^-r-'iax^+x'. 
A,^. a=+2a^ + r=, 

3. Find the square root of a*~ia^x+6a''x''—4ax^+x*. 

Ans. a' — 2aa:-\-x^. 

4. Find the square root of 

Ans. 3a;3 + 3a;2— K-t-l. 

5. Find the square root of 

9a*-12a'i+28o^42— 16aJ3_|_i6S». 

Ans. 3a2-2a6+46*. 



Quest. — 114. Give the role for eitractitig the aquare root of a poly- 
.lomial 1 Whst lb the first step f What the second 1 What the third ' 
WiM the fourth 1 
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C. What is the square root of 

Ans. a^~2ax — 2. 

7. What is the square root of 

9J-2— 12,r+6a;y + y' — 4y + 4. 

Ans. 3a:+y— 2. 

8. What is the square root of y'— 2y'a;^4-2i*— 2y'*+l 
"^ ■ Ans. y^ — a^ — 1. 

9. What is the square root of 9a*b* — 30a^P+25ii'b''''. 

Ans. SaH^Sab 

10. Find the square root of 

25a' 6= - 40i^b^c + lea^h'^ - 48ab^c^ + 36i V -30a^be 
+ 2ia^b<fl-36a^c^ + 9<^c\ 

Ans. 5a*i — 3a=c — 4aic +6Sc». 

Its. We wiU conclude this subject with the following 
remarks. 

1st. A binomial can never be a perfect square, since we 
know that the square of the most simple poljTiomial, viz : 
a binomial, contains three distinct parts, which cannot ex- 
perience any reduction amongst themselves. Thus, the 
flspression oS+6^ is not a perfect square ; it wants the term 
±2ab in order that it rfioiild be the square of a±J. 

2nd. In order that a trinomial, when arranged, may be a 
perfect square, its two extreme terms must be squares, and 
the middle >erm must be the double product of the square 
roots of the two others. Therefore, to obtain the square 
root of a trinomial when it is a perfect square ; Extract the 
roots of ike tirn extreme terms, and give t/u^se roots the same 
or cDntrnrv ■<^o«. according as tks middle term is positive o' 
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Kffi'Uive. To vtyriji/ it, .si:e if the double prodiirt of thf two 
roils ^ves the miJ-lle l"vi of the trinomial. Tluis, 
9a* — 48a*6^+ 64a^i' is a perfect square, 
since VSa'^Sa', and ^/ma^b*^-Balfl, 

and also 2 x Sa^ x — 8o&2= —ASWU^— the middle term. 

But 4a'4-14Qi+9i* is not a perfect square : for although 
4a^ and J- 9i= are the squares of %a and 36, yet 2 x 2o x 3i 
is nnt equal to 14a6. 

3rd. In the series of operations required in a general ex- 
ample, when the first term of one of the remainders is ntit 
exactly divisible by twice the first term of the root, we may 
conclude that the proposed polynomial is not a perfect 
square. This is an evident consequence of the course of 
reasoning, by which we have arrived at the general rule for 
extracting the square root. 

4th. When the polynomial is not a perfect square, it may 
be simplified (See Art- 104,) 

Take, for example, the expression ■v/a^5+4Q^5^+4oP. 

The quantity under the radical is not a perfect square ; 
but it can be put under the form afr(a*+4ai+4/'^). Now, 
the factor between the parenthesis is evidently ihe square 
of a+3J, whence we may conclude that, 

V^+4n2i2 + 4nA^i=(a+26) y^- 
2. Reduce-v/2a^S — 4 nj5=T2P to its simple form. 

Ans. {a~h)^/W. 

Qdbst. — 115, Can n binomial ever be n ppncct power! Why not ! 
When IB s trinomial » perfect square ? When, m eitracting the square 
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CHAPTER VI. 

Equations of the Second Degree. 

116« An Equation of the second degree is o.ie in which 
the greatest exponent of the unknown quantity is equal to 2. 

If ihe equation contains two unknown quantities, it is of 
the second degree when the greatest sum of the exponents 
with which the unknown quantity is affected, in any tenn, is 
equal to 3. Thus, 

a^=o, aa?+bx=c, and xi/+x=(P, 

are equations of the second degree. 

in. Equations of the second degree are divided into two 
classes : 

1st. Equations which involve only the square of the un- 
known quantity and known terms. These are called, /ncom- 
plete Equations. 

2d. Equations which involve the first and second powers 
of the unknown quantity, and known terms. These are 
called, Complete Equalioni. 

Qdest.— 118. What is an equation of the eecond degree? — 111, Into 
how many elasBes are equations of the second degree divided? What 
U on incomplete eqoatioD 7 What is a complete equation 7 
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Thus, x'+2x' -5=7 

and 5s^-33^-4=a 

are incomplete equations; and 

3a:=_6x— 3x^+0=6 
ir'-Sx'- x-c=d 
!in' rnmplele equations. 

Of Incomplete Equations. 
118. If" we take an incomplete equation of the form 

we have, by collecting the coefficients of x", 
8x'=40, or J^=6. 
Again, — if we have the equation 

we shali hare, 

by substituting m for the known terms winch compose the 
second member. Hence, 

Every incomplete equation can be reduced to an equation 
involving two terms, of the form 
x'=ni, 
and from this circumstance the incomplete equations are often 
called equations involving two terms. 

Prom which we have, by extracting the square root of both 
members, x-=,J^ 

Quest. — 118. To what form may every ir,com]Jlete equation be 
tedoeed T What are iiicomiiltte equatione uflen calkd ? 
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I. What Bumber is that wtich being multiplied by itself 
the product Avill be 144. 

Let 1= the number; then 

xxx=x'=\44. 

It is plain that the value of x will be found by exiiarung 
the square root of both members of the equation; that is 

^/i?=-/TU : that is, x= 12. 

3. A person being asked how much money he had, said 
if the number of dollars be squared and 6 be added, the sum 
will be 43 : How much had he ? 
Let 3;= the number of dollars. 
Then by the conditions 

a?+6=43: 
hence, x'=43-6=06 

and x—a. 

Jim. SO. 

3, A grocer being asked how much sugar he had sold to a 
person, answered, if the square of the number of pounds be 
multiplied by 7, the product will be 1575. How many pounds 
had he sold ? 

Denote the number of pounds by x. 

Then by the conditions of the question 
7j''=I575: 
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4. A person being asked his age said, if from -Air 
of my iige you take 192, the remainder will be ihe 
of half my age : what was his age ' 

Denote his age by x. 

Then, by the conditions of the queatiori 



Hhy-i' 



and by clearing the fractions 

ix^— 168=0:^ ; 

hence, Aa^ — ii;^=:768, 

mid 3a^=768 

a;= = 256 

X = 16. 

Ans. Ifi, 

5, What number is that whose eighth part multiplied by 
its fifth part and the product divided by 4, shall give a (juotiL'iit 
eijual to 40 ! 

L.ei x^ the number. 

By the conditions of the question 
/] 1 



a^)-^4=4i), 



hence. 


150=" 




by clearing fractions. 


3r'=(i400 






x= bi). 


^HJ. Hi. 
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119. Hence, to find the value of x we have the fol- 



1. Find the value of x' ; and then extract Hie square root 
of both members of the equation. 

4. What is the value of x in the equation 

By transposition Sx^—Sx'— —10—8, 
by reducing — 2:e^= — 18, 

by dividing by 2 and changing the signs 



by extracting the square root X7=3. 

We should, however, remark that the square root of 9, 
is either +3, or —3. For, 

+3x+3=9 and — 3x— 3^9. 
Hence, when we have the equation 



we have j!=+3 and x=^~3. 

1 20. A root of an equation is any expression which licing 
substituted for the unknown quantity, will satisfy the equa- 
tion, thai ia, render the two members equal to each other. 
Thus, in the equation 



there are two roots, +3 and —3 ; for either of thes 
numbers being substituted for x will satisfy the equaiion. 
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7. Again, if we take the equation 

we shall have 

x=: + ^/m;' and x= — ^m~ 
For, (+v^}'=m! 

and C-ySr)'=m; 

Ht'wce we may conclude, 

Isi, Ttiul every incomplete equation of the second degree 
ha^i two roots. 

Sd. TViat these lOots are numerically equal, but have con- 



■ary signs. 




a. What! 


fire the roots of the equation 




fi3^+6=ia^—lO. 




Jins. 3:= + 4 and 


9. What 1 


jre tlm roots of the equation 




i.-s.|-.,a 




£ns. x^+9 and 


10. Wirai 


are the roots of the equation 




4a? +13-3^=45. 




^ns. a;=+4 and 



Qdest.— lis. Howdoyou resolve anincompleteequiition? 130. What 
IB the root of an equation ? What are the loots of the equation x' = <ll 
Ortheeqnnlion i^=m? How many roots has erery incomplete equa- 
tion'' How do those roots compare with emjh other! 
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8. What are the roots of the equation 

Ans. x= + 2. x^~2 
0, What are the roots of the equation. 

Ans. x=.-\-f>, x=—5 

10. Find a number such that one-third of it muhiplied 
by one-fourth shail be equal to 108 ? 

Ans. 36. 

11, What number is that whose sixth part multiplied by 
its fifth part and product divided by ten, shall give a qui>- 
tient equal to 3 ! 

Ans. 30. 

12. What number is that whose square, plus 18, shall be 
equal to half its square plus 30J. 

13, What numbers are those which aie to each other as 
1 10 3 and the difference of whose squares is equal to 75. 

Lei x= the less number. 

Then ■2x= the greater. 

Then by the conditions of the question 
41^—3:2—75, 
hence, 3i'^75 ; 

and by dividing by 3, 3*^25 and r-=5, 
and 2a- -10. 
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14. Whai two niimbers are those which are to each other 
,s 5 to 8, and the difference of whose squares is 44. 

Let X— the greatest number. 

Then — a;^ the least. 
6 

By the conditions ol' the question 



3S 



by clearing fractions, 



1]t2-15S4, 



heuce, a; — 13, 

and -^.r ^iO. 

An.i. 10 and 12. 

15. What two numbers are those which are to each 
other aa 3 to 4, and the diflerenee of whose squares is 28 ? 

Ans. 6 and 8. 

16. What two numbers are. those which are to each other 
as 5 to 1 1 , and the smn of whose square is 584 ? 

Ans. 10 and 22. 

17. A says to B, my son's age is one qtiarter of yotirs, 
and the dilierence between the squares of the numbers re- 
presenting their ages is 240: what were their ages ? 

^ t Eldest 16. 
' ) Younger 4 . 
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Whm there are two unknown quantitiei. 

121. When ib.ere are two or more unknown quantities, 
eliminate one of them by the rule of Article 77 : there mil 
thus arise a new equation with but a single unknown quantity, 
Ike value of which may be found by the rule already given. 

1. There is a room of such dimensions, tliat the differ- 
teiice of the sides nrahiplied by the less is equal to 36, and 
the product of the sides is equal to 360 : what are the 



Let x=. (he less side ; 
y= the greater. 

Then, by the 1st condition, 

and by the 2iid, a:y=360. 

From the first equation, we have 

and by subtraction, a;^^334. 

Heuee, ii;^v'334"^18 ; 

360 

Ans. s:—\B,y=-lO. 

Qdkbt.- -121 How do you resolve the equalior when ihcrp otp iwo 
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3. A merchant sells two pieces of muslin, which logether 
measure 12 yards. He received for each piece jusf so 
many dollars per yard as the piece contained yards. Knw, 
he gets four times as much for one piece as for the otlif r : 
how many yards in each piece ' 

Let a— the number in the larger piece ; 
y=: the number in the shorter piece. 
Then, by the conditions of the question, 

iEXa;=;3;^= what he got for the larger piece ; 

yKy=.ij^=. what he got for the shorter. 

And T^— 4y^, by the 3nd condition. 

x —2y, by extracting the square root 

Substifuting this value of x in the first equation, we have 

.V+2y=13 ; 

and consequently, y— 4, 

and a;= 8. 

Ans. 8 and 4. 

3. What two numbers are those whose product is 30, and 
quotient 3J T Ans. 10 and 3. 

4. The product of two numbers is a, and their quotient 
6 ; what are the numbers ? 



^.,. VSI^mkIy/-" 



fi. The sum of the squares of two numbers is 1 17, an 

the difierence of their squares 45 ; what are the numbers : 

Ans. 9 and l> 
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6. The aum of the squares of two numbers is a, and the 
difference of their squares is li : what are die nmntiers ' 

7. What two numbers are those which are to each other 
iis 3 to 4, and the sum of whose squares is 225 ? 

Ans. 9 and 12. 

S. Wliat two niunbers are those which are to each other 

as m to n, and the sum of whose squares is equal to a^ ? 



9. What two numbers are those which are to each other 
Ls 1 ii> 2, and tlie difference of whose squares Is 75 ? 

Ans. 5 and 10. 

10, What two numbers are those which are to each oiher 
is ift to n, and the difference of whose squares is equal 
o ftM 

mb nb 



11. A certain sura of money is placed at interest for 
months, at 8 per cent, per annum. Now, if the amouni 
multiplied by the number expressing the interest, the pro- 
du<-' will be 562500 ; what is the amount at interes*. ? 

Ans. $3750. 

12. A person distributes a sum of money between a 
her of women and boys. The number of women is to the 
number of boys as 3 to 4. Now, the boys receive 
half as many dollars as there are persons, and the women 
twice as many dollars as there are boys, and together they 
receive 138 dollars; how many women were there, and 
how many boys ? 

( 36 women 
* 48 hoys. 
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Of Complete Equations. 

1 22. We have already seen (Art. 117), that a complete 
eijiiauoii of the second degree, contains the square of the 
uiiktiown quantity, the firsi power of the unknown quantity, 
and known terms. 

I. If we have the complete equation 

Wf liauu, by transposing and reducing, 

aiiil by dividing by 3, 

an equation containing but three terms. 
2. li we have the equation 

a^x^-Jr^abx^x' — cx+d, 
by ollecting the coefficients of a^ and ^, we have 

and divi(3ing by the coefficient of x'^, we have 
„ , 3n6-c d 



cond degree contain 
fvid ' The third ' 
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If we represent the coefficient of x by 2p, and the known 
term by q, we have 

an equation containing but three terms. 

Hence, we see that every complete eqtiation of the second de- 
gree can be reduced to an equation containing but three terms 
1 33. We wish now to show that there are four forma 
under whicli this equation will be expressed, each depend- 
ing on the signs of 3p and q. 

1st. Let us for the sake of illustration, make 
2^^ 4-4, and §=+5 : 
we shall then have x^+'^x—fi. 
2nd. Let us now suppose 

2j)=— 4, and 5 = +i>: 
we shall then have ii?—Ax^5. 
3rd. If we make 

%p7= -|-4, and 9= — 5, 
we have x^+^x=-5. 

4th. If we make 

2p=— 4, and q= — 5, 
we have x^—Ax=-5. 



QfiEiT — 123. Under how many forms may every equation of the 
Bcciiiiii dpgree be eipressed 1 On what will these forms depend ? What 
are ihe aiims of the coefficient of x and the known term, in the fijst 
form ? What in the second ? What in the third 1 What in the fourth t 
Repea" the font forms . 
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We therefore conclude that every complete eiunti^n <>l 
the second degree may be reduced to one of these lunns : 



■2p^ = + q 


1st lorm 


-2px^+q 


^nd form 


■2p.T^-l 


3rd form 


-2px = -q 


4th form 



124. Remark. — If, in reducmg an equation to either of 
these forms, the second power ol the unknown quaniiiy 
should have a negative sign it mu'sl be rendered poaiiive 
by changing the sign of ever^ term of the equxtion 

125. We are next to show the manner m which the 
value of the unknown quantity maj be found We have 
seen {Art. 38), that 

(x+pY^^ +^pr+p 

and comparing this square witi the first and third forms, wp 
sec that the first member in each contains two terms of the 
square of a binomial, viz : the square of the first term plus 
twice the product of the 2nd term by the first. If, then, we 
lake half the coefficient of a', viz ; p, and square it, and add 
to both members, the equations take the form 

x'^+2px+p''=q +/)', 
x^-<t2px-{-p'^^—q +y', 
in which the first members are perfect squares. This is 



^tiiciem of i' is negative, ivhai do you do!— 135, What is iLe s^iiiti-e 
a bmofnisl equal to ? W ,al docs the first member in each fonn eou- 
n ! How do you render the first member a pert'eet square ! Whal la 
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cinJIed completing the square. Then, by extracting the 
sijuare root of both members of the equiitloa, we have 

which gives, by transposing p, 



1 26. If we compare the second and fiiurili forms wi 
the square 

we also see thai half the coefficient of x being squared 31 
added to both members, will make the first nifunbers [leiSi' 
squares. Having made the additions, we hai'e 

x^~2px^-p^=q-\-p'^, 
Then, by extracting the square root of boih members v 

and x~p—± ■\/~q+f\ 

and by transposing ~p, we find 

x=p ± -^/q^-p^, 
and x=p ± ^/~q+p^■ 

gcEST.— 136. In the secDiid fivm. how do yuu make the Siia: me 
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127. Hence, for the resolution of every eqnatiim of the 
etuiid degree, we have ihe foliowiiig 



I. Reduce the equation to one of the known fornn. 

II. Take half the coejicient of the second term, square tl, 
and add the result to both members of the equation. 

III. "Then extract ths square root of both member i- of the 
equation ; after which, transpose Ihe hnovm term to the .second 
member. 

Hbmabk. — The square root of the first niembei- is always 
equal to the square root of the first term, plus or rniiius half 
the coeilicieni of x. 



EXA.MPLBa m THE FIR.ST FORM. 

1. What are the values of * in the equation 

If wo first divide by the ciiefficieiit 3, we obtain 

Then, completing the square, 

Extracting the root, 

a:+2=± v'?6':^+6 or -6. 
Hence, *=:— 2 + 6:^ +4 ; 

or, JE-— 2 — 6;^— 8. 



Quest. — XZI. Give die geacral rule for resolving an equation o 
second degree. Whai is the first step? What the second ? Wb 
ihird ' What ia the square root of the first member always eijual I 
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That is, in this form the smaller root is positive, and the 
larger negative. 

Verification. 
If we take the positive value, viz: x-=-\-A, 
lie equation a;'+4a;=:32 

gives 4=-i-4x4^32 : 

and if we take the negative value of «■, viz: x=: — 8, 
the equation ii:^-|-4a!=32 

gives (—8p+4{~8)=64— 33=33. 

From which we see that either of (he values of a;, viz ; 
1^+4 or a;— —8, will satisfy the equation. 

2, What are the values of a; in the equation 

By transposing the terms, we have 

3a''+a^+12a+12a:=89+l9: 
and by reducing, 

4^2 + 24.1^109; 
and dividing by the coefficient of 3^, 

Now, by completing the square, 

x^^&x +9=36; 
extracting the square root, 

x+?=:±^/M= + G or -6: 
hence, x=+&—2=+3; 

or, a:=-6_3=--9. 
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Verification. 
If we take the plus root, the equation 

and for the negative root, 

gives f-9)3+6(~9)=81 -54=27. 

4. What are the values of a in the equation 

i^— IO,r+ 15 = ^^ — 34a+ 155. 
By cleaving the fractions, we have 

5a;2-50ir+75=a=— 170a;+775 : 
by transposing and reducing, we obtain 
43^+120»^700; 
then, dividing by the coefficient of a;^, we hare 

^=+30j^=175; 
ani! by completing the square, 

.r2+303^+235=400; 
and by extracting the square root, 

x+i5 = ± ■:/im—+20 or —30 
Hence, jt— +5 or —33. 

Verification. 
For the phis value of x, the equation 
ari+30ar=175 
gives (5)'-f 30x5-35+150^175 
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And for the negative value of x, we have 

(_35)3+30(_35)^122S— 1050=175. 

5. What are the values of a; in the equation 

6 2 "*" 4 3 12 ■ 

dealing the fractions, we have 

i0a;2-6a^+9 = 96— 83;— 12a^+273 ; 
transposing and reducing, 

22a;2+2a;=360; 
dividing both members by 22, 



Add (t^) to both members, and the equation becomes 

"^+22"+l22J -^r+122) • 
vhi^nce, by extracting the square root. 



V-^+Q 



±_ /ii" J civ 

'- 32 V 22 ^(,22^ ■ 
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It remains to perform the niunerical operations. In the 

360 / 1 \^ . , , 

iirsr place, -g^ + l 33 ) •""st be reduced to a single num- 
ber, iiaving (32)^ for its denominator. 

360/1 Y_ 360x32 + 1 7921 

fxtraciing the square root of 7931, we find it to be 89; 
ih ere fore, 

/360 , / 1 \' 89 
^V"33"+l22;=*23- 

Consequently, the plus value of x is 

*^ 33"''22~33~ ' 
and the negative value is 

_ 1 89_ 45 

ihat is, one of the two values of x which will satisfy the 
proposed equation is a positive whole number, and the Other 
a negative fraction. 

6. What are the values of x in the equation 

33^'^+3i-9=76. 

.4... } '=^ 

7, What are the values of a; in the equation 

2^'+8j- + 7^ ~ — ^ + 197. 
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8. Whai are the values of a; in the equation 

9. What are the values of a; in the equation 

A„. 5 -=^ 

10. What are the values of x in the equation 
x' X afl a: 13 

tXAHPLES tM TH& SECOND FORM. 

I. What are the values of x in Xhe equation 
i'— 8a; 4-10-19. 
By transposing, 

a;2 — 81=19 — 10=9, 
then by completing the square 

x^-a:r+16=9 + l6=25, 
and by extracting the root 

a_4_±./35'— 4-5 or —5. 
Hence, 

a:=4 + 5 = 9 or i = 4— 5 — — 1. 
That is, in this form, the largest root is positive and the 
smaller negative. 
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Verijicatiim. 
If we take the positive value of x, the equation 
3-2_8i-9 gives {9)2-8x9=81-72^9; 
(ti]d if we take the negative value, the equation 

3^-8»;=9 gives (-l)2-8{-l) = l+8 = 9; 

from which we see that both values alike satisfy the equa- 
tion - 

3. What are the values of x in the equation 

■?+-5-"= ?+•-»-:■ 

By clearing the fractions, we have 

6i:2+4a;-180r^3ai2+13r-177 
and by transposing and reducing 

3a;'— 8i=3. 
wid dividing by the co-effioienl of a^, we obtain 

^^--1.-1 
Then, by completing the square, we have 

'^ T*^ 9 ~ 9 9 ' 
uid by extracting the square root, 

4 /35 5 5 

— T=*V T=+T " -T- 

Hence, 

4 5 4 5 _ 1 

^=—+—=+3, or a:---- ^--g. 



J h. Google 



lI.EMENTAEY ALGEBR*. 



r,Tifcatic„. 
Far the positive value of x, ihe r.iuation 



^Ivo? 3=-— x3=9-8^1: 

mill for Ihe negative value, the equation 






(4)" 



1 1 



3 J 3 3 99 



3. What are the values of x in the equation 



Clearing the fractions, and dividing by the cnelfieient of 

Completing the square, we have 

3 9 
ttien, by extracting the square Tool, we have 



_1 J__ 

^3 6 " 
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Venficatwn 
If we take the positive value of x, the equation 

gives (ij)2_|.xl»=2i-l = li: 

and for the negative value, the equation 

,'5^2 5 as , 10 45 

4. What are the values of a; in the equation 

4o2_2x2+2(M=18o*— i8i= 7 

By transposing, changing the signs, and dividing by 2, it 
becomes 

whence, completing the square, 





x'-ax-i-' 


4 


4 


-9ab+9b^ i 


,u: 


icting the square root. 








955— 
4 


.9aS+9R 


N 


ow. the square to 


01 of 


9a^ 
4 


—9ab+9b-', 


;_ 


-Sb. Therefore, 
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Whiii Hill be ihe numerical values of ir, if we suppose 
5, What are the values of x in the equation 



-I _4 _ lE-j. 2a; r-a;2 = 45 — 3^= 



7,12 * to wilhin 
-5,73 i 0,01. 

6. What arc the values of a; in the eqnation 

7. What are the values of x in the equation 

t — ■i0+a!=2x—2% I 

8. What are the values of « in the equation 

Ana. j ^^ ^ 

9. What are the values of x in the equation 



10. Whal are the values of a; in the equation 
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IE SECOND DEOREE. 
[■HE THIRD FORM. 

1. What are the values of x in the equatioii 

First, by completing the square, we have 

ttud by extracting the square root, 

«+2=±VT= + l or —1: 
Q<:i,(:e, x=— 2+1 = — 1; or j:— — 2 — 1 = — 3 
That is, in this ronn both the roots are negative. 

If we take the first negative value, the equation 

tiives (-l)^+4(-I)^l-4 = -3i 

ami by taking the second value, the cijuuliun 

gives (— 3p+4(-3)=9-12^— 3: 

lience, both values of x satisfy the given equation. 
2 What are the values of x in the equation 
— -—Sx— 16-12 + — ri+eK. 
Ry transposing and reducing, we have 

then since the coefficient of tbe second power of a; i 
tive, we change the signs of all'ihe terms which givi 
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then by coinpletiiig ihij square 

hence, 

a+5,5^±v'ij;25^ + l,5 or -1,5. 
onuequiiiitly, 

K-_4 nr fl:=:~7. 

3. What are the values of x in the equation 

— — — 3i— 5=— i^ + Sr + fl. 

An.. *^=-2 

4. What are the values of « in the equation 

6. What art) the values of x in the equation 
i^+—!t + 3x=-Ux-3l-4x\ 

Ans. ) ■'-— '■^ 
6. Wlial are the values of (c in the equation 
_, , 3^ 1^%. 



7. What are the values of x in the equation 
-3-a:»-i 7x+20=—— 1^-111—60. 
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8. What are tlie values of x in the equation 

9. What are the values of x in the equation 



lO What are the vatuea of i in the equation 

11. What are the values of a; in the equation 
a;=+4i— 90=-93. 



EXAMPLES IN 1 

1. What are the values of x in ihe equation 

x^—&x=—7. 
Ry completing the square we have 

3:= — 8a; + 16 = — 7+1G-9; 
then by extracting the square root 

x~i^±^%^ + -i m -3; 

x=+1 or r-^ fl. 
'I hat is, in this form, both the routs are piismvo. 
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Verification. 

If we lake the larjjesi root, the equatiwi 

x^ — 8a:=~7 gives 72-8 X 7 = 49-5(5 = ~T ; 

and for the smaller, the equation 

a^~-8!i:=-7 gives P-8x 1 = 1 -8 = -7: 

hence, bnth of the roots will satisfy the equation. 

2. What are the values of a in the equatiiin 

40 
-l-^a;^ + 3a^-10 = l|,j;=-18,r + y. 

By clearing the fractions, we have 

then by coileetiiig the like terms 

-6^2+433^=60 ; 

ihen by dividing by the coefficient of a', ami at the s 
time changing the signs of all the terms, we have 

a;2_7a^= — 10. 
By completing the square, we have 

i«^ — 7a; + 12,25 = 2,25, 
ami by extracting the square root of both members, 
x~3,5—±-\/2^5^ + l,D or — l„^. 
a-=3,5-(l,5 = .o, or j-_r-3,5 -i,5 = a. 
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If we take the larger root, the equation 
a!'-7j-=: — 10 gives 5=— 7 x5=25-3.'>^ ~ iO ; 
and if we take the smaller root, the eijviation 

x'—7i=: — l0 gives 3«— 7x2 = 4-i4=:-l0. 
'J. Wliai are the values of a in the eqv(;iiioii 
-3i+2a:2+I = 17|3r— 2a-2-3. 
By transposing and collecting the terms, we have 

4ic2— 20|r:=— 4; 
then dividing by the coefficient of i^ we have 

i!y completing the square, we obtain 



and by 




icling the root 










.= 


-5-V^ 


-I< 




12 
5 ' 


hence. 














.= 


.h¥=- "'. 


,=2f- 


12 
~ 


1 
'5' 






V^fcam.. 






If w 


■e mk 


e the larger root, the equatii 


m 




x^- 


-H- 


— — 1 gives 5'- 


-5JX.',= 


■25 — 


26-- 


!„ldif 


wet. 


ike the smaller root 


, th. eqiiuion 




»'- 


5^. 


=-1 ..,. (!)■ 


-ix^ 


I 


2(1 
25" 
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4. What are tlie values of tc in the equation 

5. What are the values of i in the equatioTi 

6. What are the values of x in the equation 

7. What are ihe valoea of j; in the equatieii 

' ^ — 10- 

8. What are the values of a in the equation 

_27a;H i-+IO0=— ^ — (-12j: — 2S? 



9. What are the values of sc in the equation 

_ 22r+15^ h'-i8.r — 30 

Ans. 
!0. Whal are the values of a; in the equation 
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Properties of the Rool^. 



1 2S. We hsi'R thus far, only explained the methods of 
liK'linK the roots of an equation of the second degrup, Ws 
:irii now going to show some of the properties of lhi;se ri>i>ls 



Thefimtfon. 



I 29. The lirst forn 



and their s 




■5iii(,e in ihis loim q is supposed positive, the quantity 
}+;i^ under the radical sign wil! be greater than p^, and 
hence its ro t will be greater than p. Consequcntlv the 
tirst root vihich is equtl to the difference between p and 
iherddicaljWill be pcsitiveand less than v/?+p*. In the second 
root p and the radical have the same sign ; hence, the 
second out will be equa! to their sum and nct;:itive. If we 
raultipiv the two roots toopiher, we have 





- -.'■ + v'?+p'' 






-r - v'v+F 






^r-i'\^i'' 




I'roduct equal to 


-\-pV q:\-p--q-f_ 
-'!■ 




Qi;rst.— 129. In the 
signs 1. What is the s 
Which is the greater? 


first form, haic the roots the same or 
isn of the lirst root \ What of the 
What U '.heir sum equal to ' What 


second' 
is thei 
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Hence wc t:onclii<1e, 

ist. That lit the first form ime of ike routs u tiiwaijs pi'Si 
live, and the other negative. 

2nd. That the positive root is numertcatlii less than th: 
negative. 

3rd. That the sum of the two roots is equal to tlie cuejficieiii 
of X in the second term, taken with a contrary .ngn. 

4ih, Tkat the product of t/ie two roots is equal to the known 
term in the second member, taken with a contrary stgn. 



I. Ill ihe equation 

.r' + ^^iO, 
we lind ihe roots to he 4 and —5. Their sum is — 1 
and their product — 30. 

3. In thu liquation 

we find the roots to be 1 and —3. 'I'lieir sum is equal ii 
—2, and their product to —3, 

3. The, roots of the equation 

are +9 and —10 Their sum is —1, and thuir [irodiic 
— 90. 

4. The roots of the equation 

are 6 and —10. Their sum is -4, and their product is 
-60. 
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iiider ■■ F.yAM"i.i 


LcipleM be iipplied 'o ea«h of the 






Secoiid Form. 


130 


The se 


cond form is, 


,nd by n 


!solving 


the equation we find 


:nd root, 
nil their 


sum 





In this form, the first root is positive and the secnnj 
negative. Tf we multiply the two roots together, we huve 

Hence we conclude, 

1st. That in the second form oTie of the roots, is positive 
and the ol/ier jugatwe. 

2nd. That the positive root is numerically greater than tli? 
negative. 

yrd. Thai the siim of the roots is equal to the coe^n'iil ■/' 
X in. the second term, taken mlh a contrary sign. 

4th. That the product of the roots is equal to the kimirn 
t',rm in the second member, taken taitk a conlraru .w/i. 



Quest. — 130. What is the sign of the first root in the awond fmm ' 
Whai 15 tht sigQ of ihe second^ Which is Ihe greater? Whai Uthci) 
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1. The rooia of the equation 

are +4 and —3. Their sum is -|-1, amJ their producl 
-12. 

2. The roots of the equation 

are +10 and — — . Their sum is 9-^g, and their product 

3. The roots of the equation 

3-3 — 6»: = 16, 

are +8 and ~2. Their sum is +6, and iheir product 

4. The roots of (he eqiiatlon 

are +16 and —5. Their sum is +11, and thfir produci 
is -80. 

Let these principles be applied to each of the examples 
under " examples i\ the second form." 

Third Form. 
131. The third form is, 

x^-i-2px^: — ij ; 
and by resolving the equation we Snd, 
lal root. 3r=-p+v'~9+P^r 

Snd root, x~ —p— V' — ^+f>' 

Their sum is =-2p 
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Ill this form, the quaiitity uiirfer the radical being less 
than p^, its root will be less than p : hence both the root« 
will be negative, and the first will he numerically the least. 

If we multiply the roots together, we have 

Hence we cociciude, 

1st. That in the third form both the. runts are negativn. 

2nd. T%tt the first root is numeneoUy less than tke seronii. 

3rd. TTiat the sum of the tvm roots is equal to the coejirifnl 
of X in the second term, taken mth a contrary sign. 

4lh. Tlud the product of the routs is equal to the knomn 
term in ihf second member, taken with a contrary sign. 



1 . The rants of ihe eciiiation 

372 + 9*^—20, 

ire —4 a.'id —ft. Their sum is —9, and their product 
+'20. 

3. 'I'he roots of the equation 

x''+ 131:^—42, 

ire —6 and ~7. Their sum is —13, and their priidiii r 



Quest. — 131. In the third form, what ue the signs of the root 
Which root ia the leas! 1 What ia the smn of the roots eqiml t 
What is '.heir product o.]iial lo ' 
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3. The roots of the equation 

are — — and — 2. Their sum is — 2J, and their product 

4. The roots of the equation 

are ~2 and —3, Their sum is —5, and their prodiiot 
is -1-6 

i,el these principles be applied U> each of the examples 
under " bxamplrs i\ the third fohm." 

Fourth Form. 
132. The fourth formis, 

and by resolving the equation we find, 

2nd root, i ^p — "^Z — j -|_^2 

Their sum is =-i^-" 

111 this ibnn, as well as in the lliird, the quantity under 
the radical being less l!ian p\ ils root will be less than ;; ; 
hence both the roots will be positive, and the first will he 



If we midtiply the two roots together, we have 
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Hence we conclude, 

1st. That ill the fourth form both the roots are poxilwn 

2ncl. That the first root is greater than the second. 

3rd. T/ial the sum of the roots ts equal to the coe^aivt 
X in the second term, taken with a eontrary sign. 

4th. That the product of tlie roots is equal to t-hr i,u 
term in the second member, taken with a cfmtrary sign. 



i. The roots of the equation 

,T= — Tlt^— 12, 

are +4 and -f3. Their sum \a +7 and Uii'ir pro- 
duct + 13, 

2. The roots of the ei^iiation 

a^^— Iia;=— 24, 
are +12 and +2. Their sum is +14 and tht'ir pro- 
duct + 24. 

3, The roots of the equation 

j:'^-20a;^-36, 
ari^ +18 and +2. Their sum is +20 and ili.ir pro- 
duct + 36. 

'1. Tlie roots of the equation 

are +14 and +3. Their sum is +17 and their pro 
duct +42, 

QtTRsT. — 132 111 ihe fourth furni. whut are the signs of the routs 1 
Wliicli n<MH ihcmcatesll Whiii ig the sum of ih< roois e^ual Ui J 
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J an. In the third and fourth forms the values of x 
times become imaginary, and in such cases i 
to know how the results are to be interpreted. 

If we have q'^p', tft^t is, if the known term is grea/er 
than half the coffficient of ^ jjaareii, it is plain that ^/—q+jfl 
will be imaginary, since the quantity under the radical 
will be negative. Under this supposition the values of x 
in the third and fourth forms will be imnginary. 

We will now show that, when in the third and fourlli 
forms, we have g>p^, the conditions of the question will be 
incompatible with each other. 

134. Before showing this it will be necessary to estab- 
lish a proposition on which it depends : viz. 

}f a given number he decomposed into two p'jrts and those 
parts multiplied together, the pTndiir.t wUl he tlif. greatest pos- 
sible when the parts are equal. 

Let 2p be the number to be decomposed, ami il the diller- 
ence of the parts. Then 

p +--- the great-;r part (pai;e SO, Kx. 7.) 



=P, their product (An. -iO.) 



is plain that P « ill increase as 't diminish*'? 
1 be the greatest possible when il=0 : t.lu; 
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Now, since m ihe equation 

'2p is the sum of the roots, and q their prndiict, it follows 
ihai q can never he greater than p^. The cnuihtions of the 
equation, therefore, fix a limit to the value of q, and if we 
make q^p^, we express by the equation a conauion whirh 
eannot he fulfilled, and, this contradiction is made apparent 
by the values of x becoming imaginary. Hence we m^iy 
conclude that, 

When the values of the vnknown quantity are imuginary, 
the conditions of the question are inrnmpat'blK vilh pni-h vlher. 



1. Find two numbers whose sum shall be 13 anc 
duct 46. 

Let X and y be the tiumbers. 
By the 1st condition, a:+i/;^l2 ; 

and by the 3d, ary — 46. 

The first equation gives 

x=VZ-y. 
Siiiiatituting this value for x in the second, we have 

I2y— y= = 46; 
and changing the signs of the terms, we have 
i;^ — ]2j(=— 46. 



QvEST.— 134. \A1iat i. ihe prapoaitfoii demonstrated in Article 
If llif eonditiona of Ihe question are inpoaijiatible, how will the 
of the unknown nitantiti be ' 
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Then by completing the square 

y2_12y + 36=— 46 + 36= — 10 
which gives y^6+ y" — 10, 

and i/ — 6—\/^-ro\ 

both of which values are imaginary, as indeed they should 
be, since the conditions are incompatible. 

2. The sum of two numbers is 8, and their product 30 ■ 
what are tlie numbers 1 

Denote the numbers by x and v- 
By the first condition, 

x+t/=Si 
and by the second, x:i/=z20. 

The first equation gives 

Substituting this value of at in the second, we have 
8^-/^20 ; 
changing the signs, and completing the square, we have 

j,3_8y+16=-4 ; 
and by extracting the root, 

y=:4-i--\/ —4 and y^=4 — -^Z— 4. 

These values of y may be put under the forms (Art. lOti) 

y— 4+2-/^" and y=:4— 2^— 1. 

3. What are the values of x in the equation 

ir= + 2i=-IO. 

An.. I— i+3v--rf 
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Examples with more than one unknown quantity. 
. +y = 14 > 
* o^ + f^lOQ S 
fiy transposing y in the first equation, we have 

^nrf by squaring hot'.i members, 

a;==:l96 — 28y + y2. 
Substituting this value for x^ in the 2nd equation, *e have 
196— 28i/+yH/^I00; 
from which we have 

y^~14y=— 48; 
and by completing the square, 

y2 — 14y + 49 = l ; 
and by extracting the sijuare root, 

3/~7=±-/T:= +1 or —1: 
hence, y=7+l=8, or y— 7— 1— 6. 

If we take the larger value, we find at=6 ; and if we 
lake the smaller, we find x=8. 

Verification. 
For the largest value, y=^8, the equation 
a- + y^l4 gives (5 + 8 — 14; 
and a>2+y=^100 gives 36 + 64 = 100. 

For the value y=6, the equation 

»;+y=14 gives 8 + 6=14; 
and a;24.^3_100 gives 64 + 36 = 100. 

H^fice. both sets of values will satisfy the given equation 
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2. Given j ^~^S^ ^ \ to find a; and ». 
Transposing y in the first equation, we have 

and then squaring both members, 

Substituting this value for i' in the second equation, i 

9 + 6y + y2— y=r^45 ; 
whence we have 

6y^36 and y=6. 
Substituting this value of y in the first equation, we hs 
a;— 6=3, 
and consequently 3;=3+6=9. 

Verijication. 
x—y = 2 gives 9 — 6=^3; 
and i^— y2— 45 gives 81—36=45. 



3. Given i , , ^ , „ , ,n[ *" ^""^ ^ ^^^ J 



i;2 + 3*y 

i;=+3a^+2/i^4( 
Subtracting the first equation from the second, we have 
2y2^18, 
which gives y^=:9, 

and y=+3 ot -3. 

Substituting the plus value in tho first equation, we have 
3p'+9x=22 ; 
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ftfiin which we find 

a: = +2 and a; = — 11, 

l( we take the negative value, y=:~3, we have IVom (he 
ilrst equation, 

K^— 9a:=32 ; 
from which we find 

a:=: + U and x=~2. 

VeTijication. 
For the values y= +3 and x— +2, tlia equation 
a:2 + 3ay=22 
gives 2^+3x2x3=4 + 18=22- 

and for the second value, x-=z — 11, the saine eiiuation 

a?+3^y=22 
gives (-ll)3+3x -11x3 = 121-99=22. 

If now we take the second value of y, that is, y= — 3 
and the corresponding values of x, viz, i= +11, and 
j,„„3 . for a!=-|-ii, the equation 

ir'+3a:y=23 
gives ll=+3xllX-3^121-99=22 ; 

ind for 1^—2, the same equation 

a^+3a;y=22 
gives (-2)^+3 X -2 X -3=4+18=22. 

4. Given ^ a; +y +s = 7 (2) \ to find x, y, and *. 
( ^=+3,^ + 2^=21 (3) > 
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'rraiis|ii]3i((f; y m the second uqualion, we iiuve 
. + . = 7-, (41 ! 
(hen squaring the members, tve have 

if now we substitute for %xz its value taken fnini llie 

:r= + 2y= + 3''=49-Uy+y2. 
and caucoiliiig y^ in each metnber, there results 
ir'+y^+z==49~14y. 

But, from the third equation we see ihat each iDember of 
the last equation is equal to 21 : beuce 

49-14y=21, 
and Uy=49— 21=28. 

hence, yz=— =2. 

Placing this value for y in equation (1) gives 

and placing it in equation (4) gives 

1+3=5, and x-=b—z. 
Substituting this value of i in the previous equation, we 

5a — 2^ = 4 or z^ — bz=:-~\ ; 
anit by completing the square, we have 
s=— Sa+6,25=3,5, 
and z— 2,a = ±v'2^ = + 1.5 or —1,5; 

Kence, «=2,5+l,5=4 or 2^+2,5 — 1,5=:L 
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E take the value 



il we lake the less 


value 




- 


= 1, w 


e find x=4. 


3. Given x +V^+y 


Zul} -"i"'""^*- 








:-V^+ ,= 7 


but 




+ •»»+ ?=!» 


nence, by addition. 




2x +3y=26 


or 




«+ 5=13 




1st equa. 


V%+13 = 19 
V^= 6 


and by sqiiaring 




.,=36 


From 2J equation. 




■•■+»y+y"=l33 


and from the last 




3iy =108 


Subtracting 


;t>-2.5+y'= 25 


hence, 




«— y=± 5 


but 




.+,= 13 


hence x=9 


OT 4; 


and y=4 or 9. 


6- Given the siii 


n of tw, 




sum of llieir cubes 


equal to 


c, to nnd Che numbers 


By the conrlition 




j . +y =. 
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Putting 


x=. 


s+2, and y=s~2, we 1 


an<t 






hrncP,hy; 


iidditi 


on, ,T3 + y2 = as-^ +6m'^c. 




or by putting fiT s its valiio, 

and y^^^y^Ci^)^!-^^!^ 

Note. — What ate the numbers when. a=z6 and c^35. 
What are the numbers when a=.^ and c^243. 

QUESTIONS. 

I. Find a number such, that twice its square, added to 
three times the number, shall give 65. 

Let X denote the unknowu number. Then the equation 
of the problem will be 



_-l /65 d _ __3_ 23 
~T* V 2 16^~4 * 4' 
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Therefore, 

3 23 , 3 23 13 

Birth these values satisfy the question in its algebraic 
sense For, 

2x(5)^+3x5=2x25 + 15=65 ; 



<-^)'- 



13 169 39 130 ^, 



RiSMARK. — If we wish to restrict the enunciation to its 
arithmetical sense, we will first observe, that when ^ is 
replaced by —it, in the equation 2x:^+3x=6&, the sign of 
the second term 3x only, is changed, because ( — a;)^=a;'''. 

Therefore, instead of obtaining x^: — j"^"T' ^^ should 

find i:^— ±— ,.or a;^:-— , and x= — 5, values which only 

differ from the preceding by their signs. Hence, we may 

say that the negative solution — — , considered indepeii 

dently of its sign, satisfies this new enunciation, viz ; To 
Jind a number such, that twice its square, dinUnished by three 
times the number, shall give 65. In fact, we have 



-©"-¥= 



Remark. — The root which results from giving the plus 
sign to the radical, generally resolves the question both 
III its arithmetical and algebraic sense, while the second 
root resolves it in its algebraic sense only 
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Thus. Ill the example, it was required to find a number 
of which twice the square added to three times tlie numlier 
shall give 65. Now, in the arithmetical sense, added moans 
increased ; but in the algebraic sense it implies diminution, 
wher, the quantity added is negative. In this sense, tl'p 
second root satisfies the enunciation. 

2. A certain person purchased a number of yards of cloiii 
foT 340 cents, if he had received 3 yards less of the same 
cloth for the same sum, it would have cost him 4 cents more 
per yard. How many yards did he purchase ? 

Let K^r the number of yards purchased. 

Then will express the price per yard. 

If, for 2'10 cents, he had received 3 yards less, that is 
x—3 yards, the price per yard, under this hypothesis, would 

have been represented by -. But, by the enunciation, 

ihia last cost would exceed the first by 4 cents. Therefore, 
we have the equation 

240 240 , 



whence, by reducing it*~33:=180, 

'•lefore x=15 and *=— 12. 

I he value a:= 15 satisfies the enunciation ; for, 15 yards 

.1 240 cents gives ■ ■■■ ■ -, or 16 cents for the price of 

one yard, and 12 yards for 240 centa, gives 20 cents for the 
price of one yard, which exceeds 1 6 by 4. 
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As to the second solution, we can form a I 
Eion, with which it will agree. For, going back 
equation, and changing x into —cr, it becomes 



— a>-3 —a: ' x x+3 

an equation which may be considered the algebraic transla- 
tion of this problem, viz : A certain person purchased a num- 
ber of yards of doth for 240 cents : if he had paid the same 
sjim for 3 yards more, it xvo^ild have cost him 4 cents less per 
yard. How many yards did he purchase ? 

Ans. a;=12, and i^ — 15. 

3. A man bought a horse, which he sold after some time 
for 24 dollars. At this sale, he loses as much per cent, 
upon the price of his purchase as the horse cost him. 
What did he pay for the horse ? 

Let X denote the number of dollars that he paid for the 
horse, x—'Zi will express the loss he sustained. Bui as 

he lost !t per cent, by the sale, he must have lost — -~ 

upon each dollar, and upon a dollars he loses a sum lic- 

noted by ~ — ; we have then the equ ■ ^on 

-^—=x — 2i. whence a:^ — 100,; = —2400. 

and i=50± -1/2500- ■'■<?>i^=50±10. 

Therefore, a' — 60 and a^=40. 

Both of these values satisfy the question. 

For, in the first place, suppose the man gave $60 for ilio 
horse and sold him for 24, he to.^es 36. Agam, from ihe 
, he should lose 60 per cent, of 60. that is. 
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— — of 60, or — ■— — , which reduces to 36 ; there- 
fore, 60 aatiafies the enunciation. 

Had he paid *40, he would have lost $16 by the sale ; 
40 
for, he should lose 40 per cent, of 40, or 40x-rjrjr-, which 

reduces to 16 ; therefore, 40 verifies the enunciation, 
4. A man being asked his age, said the square root ol 

my own age is half the age of my son, and the sum ol 

our ages is 80 years : what was the age of each 1 
T,et 0!=: the age of the father. 
y= that of the son. 

Then by the first condition 

aad by the secoud condition 

ar+y^80. 
If we take the first eqiiation 

and square both members, we have 



If we transpose y i 


.n the second, we have 




^=80-y: 


from which we find 




y^ 


-2±i/324"^i6; 


by taking the plus roe 
its arithmetical sense 
1=64. 


t, which answers to the ^estion in 

Subsiiiuiing this value, we find 

^^^ f Father's age 64 
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5. Find two num h h h f h 

ducts by the respecti mb d 6 j b 

2s, and tliat theii prod y b q 1 to p 

Let X and y be th. qm d mb w h h 

ax-\-by^ 2s. 



whence, by substituting in the second, and reducing, 
03? — 251=: — hp. 



Therefore, a 

and consequently, 



i/ »•'—''/>- 



This problem is susceptible of two direct solutions, be- 
cause s is evidently > -^/s'^—abp ; but in order that they 
may be real, it is necessary that s'> or =abp. 

Let a=6=I ; the values of x and y reduce to 

sc^:s±-^s'^—p and y^s^^-y's^ — p. 

Whence we see, that the two values of x are equal to 
those of y, taken in an inverse order ; which shows, ihat if 
s+ s/s^—p represents the value of x, s— ■y's^— p will re- 
present the corresponditig value of y, and reciprocally. 

This circumstance is accounted for. by observing that in 
ibis particular case the equations reduce to 
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and then the question is reduced lo, ^finding lii'o iiumbers uj 
which the sum is 2s, and their product p, or in other words 
to divide a number 2s, into two such parts, that their pioduc 
may be equal to a given number p. 
Let us now suppose 



what will then be the values of x and y ? 

"*' ( y^6 or 8 

6. A grazier bought as many sheep as cost him £60, and 
after reserving fifteen out of the number, he sold thu re- 
mainder for ir54, and gained 2s. a head on those he sold : 
how many did he buy 1 Ans. 75. 

7. A merchant bought tloih for which he paid £33 lbs., 
which he sold again at £2 8s. per piece, and gained by the 
bargain as much as one piece coat him ; how many pieces 
did he buy ? Ans. 15. 

8. What number is that, which, being divided by the pro- 
duct of its digits, the quotient is 3 ; and if 18 be added to 
it, the digits will be inverted 1 Ans. 24. 

9. To find a number, such that if you subtract it from 1 0, 
and multiply the remainder by the number itself, the product 
shall be 31. Ans. 7 or 3. 

10. Two persons, A and B, departed from different places 
at the same time, and travelled towards each other. On 
meeting, it appeared that A had travelled 18 miles more 
than B ; and that A could have gone B'a journey in 15| 
days, hu^ B would have been 38 days in performing A'a 
journey How far did each travel 1 

. J A 72 mUes 
f B 54 miles 



J h. Google 



EqUATlONS OF THE 3ECONl> DECfREB. 315 

n. There are iwo numbers whose difference is i5, and 
half their product is equal to the cube of the lesser uuiii- 
ber. What are those numbers 1 A/is. 3 and 18. 

13. What two numbers ate those whose sum, multiplied 
by the greater, is equal to 77 ; and whose difference, multi 
plied by the lesser, Is equal to 12 1 

Ans. 4 and 7, or ly^and Y y^. 

13. To divide 100 inio two such parts, that the sum oi 
their square roots may be 14. Atis. 64 and 36, 

14. It is required to divide the number 24 into Iwo such 
parts, that their product may be equal to 35 limes their dif- 
ference, Ans. 10 and 14. 

15. The sum of two numbers is 8, and the sum of their 
cubes 152. What are the numbers ! Anx. 3 and 5. 

16. Two merchants each sold the same kind of stuff; 
the second sold 3 yards more of it than the first, and to- 
gether they receive 35 dollars. The first said to the second, 
"I would have received 24 dollars for your stuff;" the 
other repHed, "And I should have received 12^ dollars for 
yours." How many yards did each of them sell ? 

. ( 1st merchant lb=15 a!:=5, 

fand „ ^ — 18 *"" y = 8. 

17. A vridow possessed 13,000 dollars, which she dirided 
into two parts, and placed them at interest, in such a man- 
ner, that the incomes from them were equal. If she had 
put out the first porlion at the sara# rate as the second, she 
would have drawn for this part 360 dollars interest ; and if 
she had placed the second out at the same rate as the first, 
she would haie drawn for it 490 dollars interest. What 
were the two rates of interest ? 

Ans. 7 and 6 per ceni. 
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CHAPTEK VII. 
Of Prvpurtions and Progressions. 

1 ^5. Two quaiitiliea of the same kind may be compared 

together in two ways : — 

1st. By considering how mack one is greater or less than 
the other, which is shown by their difference ; and, 

2nd. By considering Jioto many times one is greater or 
less than the other, which is shown by their quotient. 

Thus, in comparing the numbers 3 and 12 together with 
respect to their difference, we find that 12 exceeds 3 by 9; 
and in comparing them together with respect to tlieir quo- 
tient, we find that 12 contains 3 four times, or that 12 is 4 



The first of these methods of comparison is called Arith- 
metical PToportion, and the second Geometrical Proportion. 

Hence, Arithmetical Prnportion considers the relation of 
quantities mth respect to their difference, and Geometrical 
Proportion the relation of quantities with respect to their 
quotient. 



Qdbst, — 135, In how many waja may two quantities be compareJ 
together 1 What does the first melhod consider' What the second! 
What k the first of these methods called ' What is the second called' 
how thpn do jou define the two jiropnctions i 
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Of Arithmetical Proportion and Progression. 

136. If we haie four mmibera, 3, 4, 8, and 30, of 
which the difference between the first and second is equal 
Ml the difference hetwetn the third and fourth, these num 
bers are said to be in arithmetical proportion The first 
term 2 is called an antei-pdcnt, and ihe second tenn 4, with 
which it is compared, a corfifqufnt The number 8 is dlso 
called an antecedent, and ihe number 10, with which ii \-i 
compared, a consequent 

When the difference between the hr&t and second is equal 
to the difference between the third and fourth, the four num- 
bers are said to be in proportion. Thus, the numbers 

3, 4, 8, 10, 

are in arithmetical proportion. 

137. When the difference between the first antecedent 
and consequent is the same as between any tii'o adjacent 
terms of the proportion, the proportion is called an arith- 
metical progression. Hence, a progression hy differences, 01 
an arithmetical progression, is a scries in which the succes- 
sive terms continually increase or decrease by a constant 
number, which is called the common difference of the 



Thus, in the two series 

1, 4, 7, 10, 13, 16, 19, 23, 35, . , . 
60, d6, 52, 48, 44, 40. 36. 32, 28, . . . 

QoEBT. — 136. When ale four numbera in arithmetical proportion ! 
What 19 the first calleJ 7 What is the second caJle4 ? What is the 
third called ^ What is the fourth called 1 
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ihe first is called an increasing progression, (if which tne 
common difference is 3, and. the second a decreasing pro- 
gression, of which the common difTereiice is 4. 

In general, let a, h, c, d, e,f, . . . designate the tenns 
of a progression by differences ; it has been agreed to write 
them thus : 

a.b.c.d.e.f.g.k.i.k... 

is to e, &c. This is a series of continued equi-differences, 
in which each term is at the same time a consequent and 
antecedent, with the exception of the first term, which is 
only an antecedent, and the last, which is only a consequent. 

1 38. Let r represent the common difference of the 
progression 

a.b.c.d.e.f.g.h, &c, 

which we will consider increasing. 

From the definition of the progression, it evidently follows 
that 

b^a + r, c=b + r=a+2r, d^c + r^a + 3r; 
and, in general, any term of the series is equal to the Jirsl 
term plus as many limes the common difference as there are 
preceding terms. 

Thus, let I be any term, and n the number which marks 
the place of it : the expression for this general term is 

l^a + {n-l)r. 



Quest.™ 137. "VITial is a 
number called by which the li 
is an increasmg progression ' "What is a decreasing pr 
MTiich tenn is niily an al!t'■l:^■ikTl^ ? Which only a conseque 
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rience, for finding the last tenn, we have the following 

I. Multiply the common difference by one less than the 
number of terms. 

n. To the product add the first term : the sum will lit the 
last term. 



The formula i=a+(«— l)r serves to find any term 
whatever, without our being obliged to determine all those 
which precede it. 

1. If we make n~\, we have J—" ; that is, the series 
will have but one term. 

3. If we make n — 8, we have l=a-^r ; that, is, the series 
will have two terms, and the second term is equal to (he 
first plus the common difference. 

3. If a=% and r— 2, what is the 3rd term ? Am. 1. 

4. If a = 5 and r=4, what is the 6tli terra? Ans. 25. 

5. If a~7 and r=5, what is the Sth term? Ans. 47. 
,6. If a=8 and r=5, what is the 10th terra T 

Ans. 53. 
1. If a=20 and r=4:, what is the 12th term ? 

Ans. 64. 
8. If a=40 and »'=20, what is the SOth term? 

Ans. 1020 



Quest.— 138. Give the rule for flndingihe last term of a series when 
Die progression is increasing. 
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9 If a=45 and r-30, what is the 40th lermi 

Atis. 1215 

10. If a — 30 and r = 20. what is the 60th term? 

Am. 1210 

11. If a^50 and 7- = 10, what is the 100th term? 

Am. 1040 

12. To find the 50ih term of the progression 

1 . 4 . 7 . 10 . 13 . 16 . 19 . . ., 
we have i = l + 49x3 — 148. 

13. To find the 60ih term of the progression 

1 . 5 . 9 . 13 . 17 . 21 . 25 . . ., 
we have ^^1+59x4=337. 

139. If the progression were a decreasing one, we 
should have 

!=»-(»-l)r. 

Hence, to find the last term of a decreasing progression, 
we have the following 



I. Multiply the common difference hy onf. less than ike n 
ber of terms. 

II. Suhfract the product from ike Jirst term . the remai, 
will he the last term 



girEBT.~139. Give the rule for find 
when the progression is decreasing. 
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1 . The first term of a decreasing progression is 60, the 
number of terms 20, and the common difference 3 : what 
is uie last term ? 

l = a--(n-l)r gives /=60-(20- 1)3 = 60-57 = 3. 

2. The first term is 90, the common difference 4, and 
the nitmber of terms 15 : what is the last term ? Ans. 34. 

3. The first term is 100, the number of terms 40, and the 
difference 2 : what is the last term ? Am. 22. 



4. The first term is 80, the number of terms 10, and the 
n difference 4 : what is the last term ? Ans. 44. 



5. The first term is 600, the number of terms 100, and 
tlie common difference 5 : what is the last ttrm ? 

Ans. 105, 

6. The first term is 800, the number of terms 200, and 
the common difference 2 : what is the last term ? 

Ans. 402. 

140. A progression by differences being given, it is 
proposed to prove that, the sum of any two terms, taken at 
equal distances from the two extremes, is equal to the sura of 
the two extremes. 

That is, if we have the progression 



4+10 or 6+8 
is equal to the sum of tlie two extremes 2 and 12. 
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Let a.'t.c.d.e.J....i,k.i be llie pro- 
posed progression, and n the number of terms. 

We will first observe that, if x denotes a term which ha; 
p terms before it, and y a terra which has p terms after it 
we have, from what has been said, 



whence, by addition, cc-\-y:=a-\-l. 
Whicli demonstrates the proposition. 

Referring this proof lo thepreviousexample,if we sup- 
pose, in the first place, a? to deviote the second term 4, then 
y will denote the term 10, next to the last. If x denotes 
the 3rd term 6, then y will denote S, the third term from 
the last. 

Having proved the first part of tliu proposition, write the 
progression below itself, but in an inverse order, viz : 

a.h.>:.d.e.f...i.k.l. 



Calling 5 the sum of the terms of the first progression, 
2S will be the sum of the tenns in both progressions, ami 
we shall have 

3S = («+/)+{6+A}+(c+0 :.. +(i + c) + {k+b)-\-{t + n). 

Now, since all the parts a-\-l, h+k, c-\-i ■ ■ ■ are equal 
in each other, and their number equal to 71, 



=(^V 
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Hence, for finding ihe sum of an arithmetica! soiios. 
have the following 

RULE. 

I. Add the too extremes together, and take half their s 

II. Multiply the half-sum by the number of terms ; 
product vnll be the sum of the series. 



I. The extremes are 2 and 16, and the number of t< 
8 : what is the sum of the series ? 

S=(2+i)x., g™ S=±t}ix8=72. 

f!. The extremes are 3 and 27, and the number of n 
12 : what 13 the sum of the series ? Ans. 

3. The extremes are 4 and 20, and the number of ii 
10 : what is the sum of the series ? ^"*- 

4. The extremes are 100 and 200, and the number of 
terms 80 : whai is the sura of the series ? Ans. 12000. 

5. The extremes are 500 and 60, and the numbei af terms 
20 ; what is the sum of the series ? Anx. 3600. 

6. The extremes are 800 and 1200, and the number of 
lenns 50 : what is the sura of the series ? Ans. 5{ 



:aT. — 140. In every pragceasiou, what is the auin nf the twe e: 
1 eijual W ? What is the rule for finding tha sum of aii arithmal 
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III. In arithmetical proportion there a 
III lie considered : — 
1st. The first term, a. 
2nd. The common difference, r. 
3rd. The number of terms, n. 
4th. The last term, I. 
5th. The sum, S. 
The formulas 



i=a + („-lV 



m- 



contam five quantities, a, r, n / and S and conseiiuently 
gne nse to the foUowing general problem, viz : Ani/ thret 
iif these file ipiantities being given, to aeurmme the otket 

We already know the value of S in terms of a, n, and j 
From the formula 

we find a = l~{n-l)r. 

That is : The first term of an increasin 
gression is equal to the last term, minus 
common difference hy the number of terms 
From the same formula, we alao find 



? aril/imetical pro~ 
the product of the 



That is ; In any ari/hmelical progression, the common differ- 
ence is equal to the difference between the two extremes divider] 
by the number of terms less one. 



QiTEsT. — 141. How insny numbere are considered in ari' 
proportion! What are they 1 In every aritlinialipal ptogressi 
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irm is 16, the first term 4, and the number of 
at is the coiHraon diiTerenc*! ? 



2. The last term is 22, the first term 4, and the number 
of terras 10: what is the common difference ? Ans. 3. 



1 42. The last principle affords a solution k> the follow- 
ing question : 

To find a number m of arithmetical means betineen two 
given numbers a and b. 

To resolve this question, it is first necessary to find the 
common difference. Now, we may regard o as the first 
term of an arithmetical progression, b as the last term, and 
the required means as intermediate terms. The number of 
terms of this progression will be expressed by Wi+2. 

Now, by substituting in the above formula, h for I, and 
m-\-2 for n, it becomes 

_ ;,-a _ h~a _ 
'■-m + 2-1^ m + 1 ' 

that is, llie common difference of the required progression is 
obtained by dividing the difference between the given num- 
bers a and b, by one more than the required number of 
means. 



QuEyr. — 143. How do vou find any number of arithmetical n 
iiftwficn two g-iven numbers ' 
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Having obtained the cmnmon difference, form the S' 
leriT) of ihe progression, or lie first arithmetical met 

adding r, or to the Jirst term a. The second 

■s cbtained by augmenting the first by r, &c. 
I. Find three arithmetical means between thi 



'i and 18. 










The formula 


^-m+\ 








gives /= 


i^.. 


; 






hence, the progression is 










3.6. 


. 10 . 14 . 


18. 






2. Find twelve arithmetical means 


between 


12 and TL 


The formula 


b-a 
'"■~m+l 








gives r= 


^-- 








Hence the progression is 










12 . 17 


. 23 , 27 




77 





143. Remark. If the same number of arithmetical 
means are inserted between all the terms, taken two and 
two, these terms, and the arithmetical means united, will 
form but one and the same progression. 

For, let a.b.c.d.e.f... be the proposed 
progression, and m the number of means to be inserted 
between a and h, h and c, c and d . . . 
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From what has jusl been said, the common difference of 
each partial progression will be expressed by 



m+l m-il • m + l 

which are equal to each other, since a, b, c . . . are in 
progression : therefore, tlie common difference is the same 
m each of the partial progressions ; and since the last term 
of Ihe first, forms the Jlrst term of the second, &c, we may 
conclude that all of these partial progressions form a single 



1 . Find the sum of the first fifty terras of the progression 
2 - 9 . 16 . 33 . . . 

For the 50th term we have 

i=2+49x7^345. 
Hence, S-(2 + 345)x— -347 x25 = 8675. 

2. Find the lOOlh term of the series 2 . 9 . 16 . Sa . . . 

Ans. 695 

3. Find the sum of 100 terms of the series 1 .3.5. 
7.9... Ans. 1 0000 

4. The greatest term is 70, the common difference 3, and 
the^ number of terms 21 : what is the least t«rm and the 
sum of the series ? 

Ans. Least term 10 ; sum of seriis 840 
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5 The first term is 4, the common difference 8, and the 
number of terms 8 : what is the last term, and the sum of 



""■ is„,„ =256: 

6. The first term is 2, the last term 20, and the number 
of terms 10 : what is the common ditference I 

Ans. 2. 

7. Insert four means between the two numbers 4 and 19 : 
what is the series ? 

Ans. 4 . 7 . 10 ! 13 . 16 . 19. 

8. The first term of a decreasing arithmetical progres- 
sion is 10, the common difference — , and the number of 

terras 21 : required the sum of (he aeries. 

Ans. 140. 

!>, In a progression by differences, having given tht 

common difference 6, the last term 185, and the sum of the 

terms 3945 ; find the first term, and the number of terms. 

Ans. First term —5 ; number of terms 31. 

10, Find nine arithmetical means between each antece- 
dent and consequent of the progression 2.5.8.11,14... 

Ans. Common dif, or r=zO,3. 

11. Find the number of men 'contained in a triangular bat- 
talion, the first rank containing one man, the second 2, the 
rhird 3, and so on to the «", which contains n. In other 
words, lind the expression for the sum of the natural num- 
bers 1, 2, 3 . . ., from 1 to n inclusively- 
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12. Find the sum of the n first terms of the progression 
of uneven numbers 1, 3, 5, 7, 9 . . . Ans. S = n\ 

13, One hundred stones being placed on the ground in a 
straight line, at the distance of 2 yards from each other, 
how far will a person travel who shall bring thom one by 
one to a. basket, placed at 3 yards from the first stone ? 

Ans. 11 miles, 840 yards 



Geometrical Proportion and Progression. 

1 44. Ratio is the quotient arising from dividing one 
quantity by another quantity of the same kind. Thus, if 
the numbers 3 and 6 have the same unit, the ratio of 3 to fi 
will be expressed by 



And in general, if A and B represent quantities of the s 
kind, the ratio of ^ to S will be expresseQ by 



having such values that the second divided by the first i 
equal to the fourth divided by the third, the numbers ari 



Qdeh-t.— 144. What is 
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said lo be in proportion. And in general, if there be foiu 
quantities, A, B, C, and D, having snch values thai 



then A is said to have the same ratio lo B that C has to D 
or, the ratio of j4 to 5 is equal to the ratio of C lo D 
When four quantities have this relation to each other, thej 
are said lo be in proportion. Hence, proportion is an equality 

To express that the ratio of A to B is equal to the ratio 
of C to D, we write the quantities thus : 

A : B :: C : I)\ 

and read, .A ia to B as C lo D. 

The quantities which- are compared together are called 
the terms of the proportion. The first and last terms are 
called the tivo extremes, and the second and third terms, the 
two means. Thus, A and D are the extremes, and B and 
C the means. 

146. Of four proportional quantities, the first and third 
are called the antecedents, and the second and fourth tlie 
consequents ; and the last is said to be a fourth proportional 
to tlie other three taken in order. Thus, in the last pro- 
portion A and C are the antecedents, and B and D the 
consequents. 

QuBST, — 145, What is proportion 1 How do you eipress thai roiii 
numbers are in proportion 1 What are the numbers caJled? What art 
the first and fourth called? What Ihe second and third?— 140 In hui 
proportional quaniiliea, vihat sre the first and third called 1 \\'hat the 
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] 47. Three quantities are in proportion when the iirst 
iias the same ratio to the second that the second has to the 
third ; and then the middle term is said to be a mean pro- 
portional between the other two. For example, 

3 : 6 : : 6 : 12; 

and 6 is a mean proportional between 3 and 12. 

148. Quantities are said to be in proportion by inver- 
sion, Of inversely, when the consequents are made the ante- 
cedents and the antecedents the consequents. 

Thus, if we have the proportion 

3 : 6 : : 8 : 16, 
the inverse proportion would be 

6 : 3 : : 16 : 8. 

1 49. Quantities are said to be in proportion by alterna- 
tion, or alternately, when antecedent is compared with ante- 
cedent and consequent with consequent. 

Thus, if we have the proportion 

3 : 6 : : 8 : 16. 
die alternate proportion would be 



— 147. When ore throe quantitiesproportionalt What is the 
scalled! — 148. When arc quantities said to he in proportion 
m, or inversely! — 149. When arc quantities in proportion by 
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150. Quantities are said to be in proportion by cmhpo 
sition, when the Bum of the antecedent and consequent i 
compared either with antecedent or consequent. 

Thus, if we have the proportion 

3 : 4 : : 8 . 16, 
the proportion by composition would be 

2+4 : 4 : : 8+16 : 16; 
that is, 6:4;: 24 : 16. 

151. Quantiiiea are said to be in proportion by ihoixum 
when the difference of the aniecedeni and consequent i 
compared either with antecedent or consequent. 

Thus, if we have the proportion 

3 : 9 : : 12 : 36, 
the proportion by division will be 

9 — 3 : 9 : : 36 — 12 : 36; 



152- E qui -multiples of two or more quantities are the 
products which arise from multiplying the quantities by the 
same number. 

Thus, if we have any two numbers, as 6 and 5, and mul- 
tiply them both by any number, as 9, the equi-muhiplea will 
be 54 and 45 ; for 

6x9 = 54, and 5x9^45. 



QuECT. — 150. Wlien aie quantities in propactitm by c 
— ISX. When are quantities in proportion by diviaion? — 163. What 
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Also, mxA BQil mx B are equi-multiples of A and B, the 
cunmon multiplier being m. 

153. Two quantities, A and B, ate said to be redprn- 
eally proportional, or inversely proportiortal, when one in- 
creases in the same ratio as the other diminishes. When 
ihis relation exists, either of them is equal to a constani 
quantity divided by the other. 

Thus, if we had any two numbers, as 2 and 4, so related 
to each other that if we divided one by any number we must 
multiply the other by the same number, one would increase 
just as fast as the other would diminish, and their produci 
would be constant. 

154. If we have the proportion 

A : B :; C : D, 

we have ~a'~~c' ^■*"" ^^^)' 

and by clearing the equation of fractions, we have 

BC=AD. 

That is. Of four prijportional quantities, the product of ike 
huo extremes is equal to the product of the two means. 

This general principle is apparent in the proportion be- 
tween the numbers 

2 : 10 : : 12 : 60, 

which gives 2x60=10x13-120. 



Quest. — 153. When are two quantilioB said to he reciproeally pro- 
|uirtional ? — 184, If four qiianlities are ]irnportionaJ, wliat is the piodusl 
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1 55. If four quantilies. A, B, C, D, are so related '•■ 
each other that 

AxD=By.C, 

H-e shall also have ^=-§1 

and hence. A : B : : G : D. 

That is .■ If the product of luxt quantities is egucl to tlw pro- 
duct of two other quantities, Itoo of them may de made the 
extremes, and th« other two the means of a proportion. 
Thus, if we have 

2x8^4x4, 

2 ; 4 : : 4 : 8. 

156. If we have three proportional quantilies 
A : B :: B : C, 
we have -=- ; 

hence, B^^=AC. 

That is 1 The square of the middle, term ts equal to the product 
of the two extremes. 

Thus, if we have the proportion 

3 : 6 ; ; 6 : 12, 
we shall also have 

6x6^6^^3xl'2z^3G. 

Quest. — 155. If the produel; of two quantities is equal to the [iroducl 
iif two other quantities, may ihe four be placed in a proportion ! How ' 
— 1S6. If three quaptines are proportional, what is the product of tlie 
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157. !f we have 

A : B - C : D, and consequently —- = -7, 

multiply both, members of the last equation by — , ' 

[hen obuin, 

A~ B' 

aii,i liouce, A : C :: B : D. 

That is : If four quantities are proportional, they tmU he 
propoTlion by alternation. 

Ltt us take, as an exampSe, 

10 ; 15 : : 20 : 30. 

We shall have, by alternating the lerma, 

10 : 30 : ; 15 : 30. 

15 8. If we have 

A : B :: C : D and A : B : : E : F, 

we shall also have 



R-Z. 
C~ E 

If there are two sets of proportio, 
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antecedent and consequent in the one equal to an antecedent 
and consequent of the other, the remaining tefTTis tnilt be pro- 
portional. 

I f we have the two proportions 

2 : 6 : : 8 : 24 and 2 : 6 ; ; 10 : 30, 
wc shall also have 

8 : 34 : : 10 ; 30. 
159. If we have 



we have, by dividing 1 by each member of the equation, 

-D=yT, and coTVsequently B : A : : D : C. 

That is : Foar proportional quantities will be in proportion, 
loAen taken inversely. 

To give an example in numbers, lake the proportion 
7 : 14 : : 8 : 16; 
then, the inverse proportion will be 

14 : 7 : : 16 : 8, 
in which the ratio is one-half. 
1 60. The proportion 

A : B :: C : D gives AxD=BxC. 



QuKST. — 168. If you have Iwo sets of proportions having an sn 
cedent and consequent in each, equal ; what will follow 1 — 159. If ft 
quantiliea are in proportion, wi)' 'he; be in projiortion when cakoi 
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To each memhcT of the last pquation add BxD. We 
shall then have 

and by separating the factors, wc obtain 

A + B : B : : C+D : D. 

If, instead of adding, we subtract BxD frrmi both mem- 
bers, we have 

(A—B]xD={C-D)xn ; 
which gives 

A-B : B :: C-D : D. 

Thai is ; If four quantities are propoTlional, they will he ui 
proportion hy composition or division. 

Thus, if we have the proportion 

9 L 27 : : 16 : 48, 
we shall have, by composition, 

9+27 : 27 : : 16+48 : 48: 
that is, 36 : 27 ; : 64 : 48, 

in which the ratio is three-fourths. 
The proportion gives lis, by division, 

27-9 : 27 L : 48—16 : 48; 
that is, 18 : 27 : : 32 ; 48, 

in which the ratio is one and one-half 



Quest. — 160. If four quantities arc in proportion, will they be In fn>- 
portion by composition 1 Will they be in proportion by division 1 Whai 
w tlie ilifference between composition aiirl division ^ 
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161. If wa have 






B D 




A~C' 


anil multiply the nujiier 
member by any number ; 


alor and denon 
m, we obtain 



— — =:— and mA : mB : : C : D. 

That is ; Equal multiples of two quantities have the same 
ratio as the quantities themselves. 

For example, if we have the proportion 
5 : 10 : : 12 : 24, 
and multiply the first antecedent and consequent by 6, we 

30 : 60 : : 13 : 24, 
in which the ratio is still 2. 
162. The proportions 

A : B :: C : D and A : B : : E : F, 
give AxD==BxC and AxF:=BxE; ^ 

adding and subtracting these equations, Wf obtain 

A{D±F)=B{C±E), or A : B : : C±£ : D±F 
That is: If C and D, the antecedent ami conseqwnt, hr; aug- 
mented OT diminished hy quantities E and F, whrh hive Ihf 
same ratio as C to D, the resulting quantities Kill also h,ii"- 



. QnEST. — 161. Have equal multiples of two quantities the m 
■s the quantities T — 103. Suppose the antecedent and conset 
augmented or diminished by quaiitities haviiio the saino ralin! 
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s take, as an example, the proportion 



u which the ratio is 2. 

If we augment the aiitecedeiii and consequcni liy 15 ami 
3U which have the same ratio, we shall have 
9+15 : 18+30 : : 20 ; 40 ; 
that is, 24 : 48 : : 20 : 40, 

in which the ratio is still 2. 

if we diminish the second antecedent and consequent by 



the sam 


e numbers, we have 










9 : 18 : : 20- 


-15 : 40—30; 




that is. 




9 : 18 : 


: 5 : 10, 




in which the 


atio is still 3. 






lti3 


. If w 


e have several 


proportions 




A 


B ; 


C : D, which gives AxD = 


BxC 


A 


B : 


E : F, 


AxF^ 


BxE, 


A 


B : 


G : H, 


„ AkH= 


BxG 




&c, &c, 






wesh. 


] have 


by addition, 
A{D+F+H). 


--B{C+E+G); 




and by 


separating the factors 








A 


: B : : C+E + G : D+F+H 





That is : In any number of proportions having the 
ratio, any antecedent vnll be to its consequent, as thn su 
the antecedents to the sum of the consequents. 
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Lei us lake, for example, 

2 : 4 : ; 6 ; i2 and I : 2 : : 3 : 6, &C 
Then, 2:4;; 6 + 3 ; 12 + 6; 

.thai is, 2 : 4 ; : 9 : 18, 

ill which the ratio is still 2. 

164. It' we have four proportional quantities 



: C : D, 






D 



iiig both members to any power, ! 



A' : B" : 
That is ; If f out quantities c 
or roots will be proportional. 
If we have, for example. 



e proportional, any tike povxn 



we shall have 2^ ; 4^ t : 3= ; 6' ; 
that is, 4 : 16 : : 9 : 3G, 

in which the terms are proportional, the ratio being 4. 
165. Let there be two sets of proportions, 

A : B : : C : D, which gives -j^jr^ 

QuKBT. — 1G3. In any number of proportions having the same rdl 
how will any one antecedent be to its conseiiijcnt 1 — 164. In four p 
porlional quanliti^j. how are like powers or roots! 
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Multiply iheni together, member by member, \ 

nr DR 



AK CG 



which gives AE : BF : : CG : DH. 



That is : In two sets of prvportional quantities, the prodiic 
of the corresponding terms will he proportional. 
Thus, if we have the two proportions 



e shall have 24 



Geometrical Prngression, 

1 6G. We have thus far only required thai the ratio of 
the tirst term to the second should be the same as that of 
the third to the fourth. 

If we impose the farther condition, that the ratio of the 
second term to the third shall also be the same as that of the 
first to the second, or of the third to the fourth, we shall have 
a series of numbers, each one of which, divided by the 
preceding one, will give the same ratio. Hence, if any 
term be multiplied by this quotient, the product will be the 
succeeding term. A series of numbers so formed is called 
a geometrical progression. Hence, 

A Geometrical Progression, or progression by quotients, is 
a scries of terms, each of which is equal to the product of 



Quest. — 166, In two sets of proportiona, how are the products of tha 
sorreaponding terms ' 
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that which precedes it by a cunstaitl number, which n 
is called the ratio of the progression. Thus, 



is a geometrical progression, which is written by merely 
placing two dots between each two of the terms. Also, 

64 : 33 : IS : 8 : 4 : 2 : 1 

is a geometrical progression, in which the ratio is one-halj. 

li> the first progression each term is contained three times 
ill the one that follows, and hence the ratio is 3. In the 
second, each term is contained one-half times in the one 
which follows, and hence the ratio is one-half. 

Tlie first is called an increasing progression, and the 
second a decreasing progression. 

Lot a, fi, c, d, e, f, . . . be numbers in a progression by 
quotients ; they are written thus : 

„:l:c:d:e:f:g... 

and it is enunciated in the same manner as a progression by 
diflerences. It is necessary, however, to malio the distinc- 
tion, that one is a series of equal differences, and the other 
a series of equal quotients or ratios. It should be remarked 
that each term is at the same time an antecedent and a con- 
sequent, except the first, which is only an antecedent, and 
the last, which is only a consequent. 



Q. 


>EBT,— 166. Wliatis! 


1 goometiical progre 


:s5i<.n? What is the ri 


>bo 


Ot til 


« progiessi 


nn? If any 


lerrt 


1 of a progtosi 


smn be multiplied by 


Ihe 




whai will 


the product 


be! 


If any term 


be divided by the ra 


tio, 


n'liat 


will tiie qi 


JOticnl be 1. 


Hov 


u is a progress 


ion by quotients wrilti 




Which of the ti 


mna ia only 


an ai 


Ateceilenl 1 Which only a conseque 


nt' 


How 


,nav fach 


nf thp nthnt' 


ilicc 


■onsideredl 
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. PROGRESSION. 

iG7. Let q denote the ratio of the progressii 



f being >1 when thp progression is increa,nn£r, and i7< I 
when it is dncTKon'ii,: Then, since 

-- = q, -^q, -=5, ^=q, &c, 

b^aq, c^liq^aq', d^cq^aq-^, e:=.dq^:^a(^, 
^=eq = aq' . . .; 
(hat ia, tlie second term is equal to aq, the third to aq^, the 
fourth to ui}'^, the fifth to aq^, &c ; and in general, any term 
n, that is, one which has n— 1 terms before it, is eKpressf^d 
by »,— . 

Let I be this term ; we then have the formula 

1=.!—, 
by means of which we can obtain any term without being 
obliged lo find all the terms which precede it. Hence, to 
find the last term of a progression, we have the following 

RULE. 

1. Raise the ratio to a power whose exponent is one less than 
the numher of terms. 

I!. Multiply the power tkns found by the first term : the 
product wiU be the required term. 

Qdeit. — 161'. By what letter do we denote the ratio of the progrec- 
slont In an increasing progression ia q greater or less 'ha ii P In a 
dccri-'asing progression is q greater or less than If If d > ilie fir. term 
anil q the ratio, what is the second tern] equal to 1 What the i irdl 
What the fourth 1 What ia the last term equal to? Give the rule fo( 
liniiing the last term 
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1. Find the 5th tenn of the progression 
2 : 4 ; 8 ; 16 . . 
in which the fiist term is 2 and the common ratio 2. 
5thterm=2x2'=axl6=32 Ans. 
3. Find the 8th term of the progreasion 

2 : 6 : 18 : 54 . . . 
8ihterm=;2x3':^2x2I87==4374 An*. 

3. Find the 6th term of the progression 

2 : 8 ; 32 : 128 . . . 
6thterm=^2x4*=2xl024=9048 Am. 

4. Find the 7th term of the progression 

3 : 9 : 27 : 81 . . . 

7th term=3 X 3^=3 x 729-2187 Ans. 

5. Find the 6th terra of the progression 

4 : !2 : 36 : 108 . . . 
6lh term = 4x35=4x243 = 972 Ans. 

6. A person agreed to pay his servant 1 cent for the first 
day, two for the second, and four for the third, doubling 
every day for ten days : how much did he receive on the 
tenth day7 Ans, f5,!2. 
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7. What is the Sit term of the progression 

9 ; 36 : 144 : 576 . . . 
8th terra=^9x4^:^9x 16384:^147456 Ans. 
8 Find the 12th term of the progression 

64 ; 16 : 4 : 1 ; -- . . . 



lM,,.„n=64(l)"=-: 



6oo36 



1 6S. We will now proceed to determine the sum of n 
terms of the progression 

a : h : c : d : e : f : . . . : t : k ■ I; 

I denoting the nth term. 

We have the equations (Art. 167), 

l<-—aq, c:^hq, d-=cq, e=.dq, . . . h^^iq, l^kq; 

and hy adding them all together, member to member, we 
deduce 

Sum of Ut laernbers. Suta oj 2nd members 

b+^ + d+e+ . . . +k + l^{a + b + c + d+ . . . +i+%; 

in which we see that the first member wants the first term 
a, and tlie polynomial within the parenthesis in the second 
member wants the last ter-n 1. Hence, if we call the sum 
of the terms S, we have 

S-a = (S-l)q^Sg-lq, or &g-S = l^—ai 
whtince S^ z— 4 
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Therefore, to obtain the aum of the l< 
progression, we have the following 



I. Multiply the last tenn by the ratio. 

II. Subtract the jirst term from the product. 

in. Divide the remainder hy the ratio diminished hy unity, 
and the quotient will be the sum of the series. 

1. Find the sum of eight terms of the progression 

a : 6 : 18 : 54 : 162 . . . 2x3'^4374, 

lo^a I3I22— 2 „ „ 

S=-^ = ^6560. 

q—l 2 

2. Find the sum of the progression 

2 : 4 : 8 : 16 ; 32. 

ff~l 1 

3. Find the sum of ten terms of the progression 

2 : 6 ; 18 ; 54 : 162 . . , 2x39=39366. 

Ans. 59048. 

4. What dehl may be discharged in a year, or twelve 
months, by paying $1 the first month, $2 the second month, 
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$4 the ihiril month, and so on, each succeeding jiayini'tn 

being double the last ; and what will be the last paynierii ! 

, (Debt, . . S;-!i)^!S- 

( Last payment, S'JO-iy. 

5. A gentleman married his daughter on New Year's d;iy, 
and gave her husband Is. towards her portion, and vv:is id 
double it on the first day of every month during the yei:r ; 
what was her portion? Ans. i:204 15s. 

6. A man bought 10 bushels of wheat on the condition 
that he should pay 1 cent for the 1st bushel, 3 for the second, 
9 for the third, and so oii to the last : what did he pay for 
the last bushel and for the ten bushels 1 

. i Last bushel, $196,83. 
"*' i Total cost, $295,24. 

7. A man plants 4 bushels of barley, which, at the first 
harvest, produced 32 bushels ; these he also plants, which, 
in like manner, produce 8 fold ; he again plants all his crop, 
and again gets 8 fold, and so on for 16 years : what is his 
last crop, and what the sum of the series ? 

i Last. 140737488355 32 8i». 



169 When the progression ia decreasing, we have 
f<l and l<^a i the above formula 



lot the sum is then written under the form 








in order that the two terms of the fraction 


may be positive. 


QuB=T.— 163, What is the formula for the rni 


ra of the sene. of « 


Jcc!-fasing|,rogros3W»n^ 
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ELEMENTARY ALGEbBA. 

m of the terma of tlie progression 
32 : 16 : 8 : 4 : 2. 



1-9 _t_ J_ 

3 -Z 

2. Findthesuinof the first twelve terms of the [irogression 

64 : 16 : 4 : 1 ; — :... : 64('— V'. or — ^—. 
4 \ 4 -^ 6o536 

356- 



1—9 3 3 19IJG08' 

T 
Remakk. — 170. We perceive that the principal diffi- 
culty consists ill obtaining the numerical value of the last 
term, a tedious operation, even when ihe number of terms 
is not very great. 

3. Find the sum of 6 terms of the progression 

513 : 128 : 33 . . . 

Ans. 682^ 

4. Find the simi of seven terms of the progreBsion 

2187 : 729 : 243 . . . 

Ans. 3279. 

5. Find the sum ii'' six terms of the progression 

:."-; : 324 : 108 

6. Find the sum of 8 terms of the progression 

147456 : 36864 : 9216 . . . 

Ans. 196605, 
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GEOMETRICAL PROGRESSION. 249 

Of Progressions having an infinite number of temts 

I T 1. Let there be the decreasing progression 
a : h : c : d : e : f : . . . 
coriiaining an indefinite number of terras. In rhe formula 

1-5 
substitute for I its value 05"-' (An. 107), and we have 

which represents the sum of n terms of the proajession. 
Tliis may be put under the form 

S=-f it. 

1-, 1-, 

Now, since the progression is decreasing, 9 is a proper 
fraction ; and 5" is also a fraction, which diminishes as « 
increases. Therefore, the greater the number of terms we 
take, the more will X 5" diminish, and consequent- 
ly the more will the partial sum of these terms approximate 
ro an equality with the first part of S, that ia, to - — ■. 

l~q 

Finally, when n is taken greater than any given number, or 
/I— iniinity, then - — —xq" will be less than any given 

number, or will become equal to ; and the expression 

will represent the true value of ihe sum of all the tiins of 

the series. Whence we may conclude, that the expression 

33* 
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2r>0 ELEMENTARY ALGEBRA. 

for the sum of the tenns of a decreasing progression, in which 
the number of terms is infinite, is 

That is, egual Co the first term divided by 1 minm the ratio. 

This is, properly speaking, the limit to which ihe partial 
.'■urns approach, by taking a greater number of tenus in the 
progression. The difference between these sums and 

T can become as small as we please, and will only 

become nothing when the number of terms taken is infinite 

EXAMPLES. 

1. Find the sum of 

1111 . , . 

We have for the expression of the sum of the terms 

3 

The error committed by taking this expression for ''■■' 
value of the sum of the n first terms, is expressed by 

1-j ^ 2\3/' 
First take n = 5; it becomes 
3/ 1 \ 



2 V 3 y 2 . i 
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TRICAL PROGRESSrON. 



3\3/ 162 3 486" 
Whence we see that the error committed, when 

taken for the sum of a certain number of terms, is 
proportion as tliis number is greater. 
2. Again take the progression 



of the progression 



10 

173. In the several questions of geometrical progres- 
ion there are five numbers to be considered ; 

Ist. The first term, a. 

2nd. The ratio, . q. 

3rd. The number of terms, n. 

4(h. The last term, I. 

5th. The sum of the terms, S. 



-16S How manymimhcrs are consiilered in geometriea 
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ELEMENTARY ALGEBRA, 



173. We skal] terminate this subject by the question. 
To find a mean proportional between aixy two munbers, 



Denote the required mean by a;. We shall then have 
(Art. 156), 



That is, Multiply the two numbers together, and extract the 
square root of the product. 

1. What is the geometrical mean between the numbers 
2 and 8 ? 

Mean^ V'83<2= VT6-4 Ans. 

3. What is the mean between 4 and 16 ? Ans. 8 

3. What is the mean between 3 and 27 ? Ans. 9, 

4. What is the mean between 2 and 72! Ans. 12. 

5. What is the mean between 4 and 64 ? Ans. 16. 
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F LOGARITHMS, 



CHAPTER VIII. 



I T'l:. The nature and properties of the logarithms in com 
man use, will be readily understood, by considering alien- 
lively the different powers of the number 10. They are, 

10° =1 
101 = 10 
10= = 100 
10^=1000 
10' =10000 
10* = 100000 

ac. &c. 

II is plain that the indices or ei^onents 0, 1, 2, 3, 4, 5, &c. 
iorm an arithmetical series of which the common difference 
ia 1 ; and that the numbers 1, 10, 100, 1000, 10000, 100000, 
Sic. form a geometrical series of which the common ratio is 
10, The number 10, is called the iase of the system of log- 
arithms ; and the indices 0, 1, 2, 3, 4, 5, &.C., are the loga- 

QcEsi— 174- What relation eiisU between the exponents I, 3. S. 
&C.1 How are the toiresponding numbers 10, 100, iOOO ? What is 
the common difference of the eiponentsi What: ia the common ratio of 
the conesponiling Dumbera 1 What ia the base of the common sjelem 
of logarithms^ What ore the iiiiliecsT Of what number is the hidei 
1 ihc lORatithin' Theindexal Thaindexa? 
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rithms of the numbers which are produced by raising 10 lo 
the powers denoted by those indices. 

1 7S. If we denote the base of the system by a, and the 
logarithm of any number by m, then the number itself will 

e the mth power of a: that is, if we represent the corres- 

onding number by M, 

Thus, if we make m=iO, M will be equal to 1 ; if m=\, 
M will be equal to 10, &c. Hence, 

T/te logarithm of a number is the e!cponent of the power 
lo which il is necessary to raise Ike base of tlie system in order 
lo produce the number. 

I 76- Letting, as before, a denote the base of the system 
of logarithms, m any exponent, and M the corresponding 
number : we shall then have, 

in which m is the logarithm of M. 

If we take a second exponent n, and let JV denote the cor- 
responding number, we shall have, 

in which n is the logarithm of JV. 

If now, we multiply the first of these equations by the 
second, member by member, we have 

but since a is the base of the system, m+n is the logarithm 
JMxJV; hence. 

Quest. — 175. If we denote the base of a sysleai by a, and the expo- 
nent by m. what will represent the oorresponding number ! What is the 
logarithm of a number 1 176- Tu wbal is the sum of (he logarithmR of 
any two numbera equal ? To what then, njll the addition of logarithms 
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OF LOGiUlTHMS. 255 

The sum of the logarithms of any two numbers is eqtuil i^ 
the hgariihm of their product. 

Therefore, the addition of logarithms corresponds In the 
mullipl.ication of their numbers. 

1 77- If we divide the equations by each other, mcmbiT 
by member, we have, 

a" JV' ■ 

Dut since a is the base of the syalem, m — n is the logarithm 
of _ : hence, 

If one number be divided by another, the logarithm of the 
quotient will be equal to Ike logarithm of the dividend dimi- 
nished by that of the divisor. 

Therefore, the subtraction of logarithms corresponds to tlte 
division of their numbers. 

178- Let us examine further the equations 

10= =1 

101=10 

10^=100 

10^^1000 

&c. &c. 
It 19 plain that the logarithm of 1 is 0, and that the loga- 
rithms of aSl the numbers between 1 and 10, are greater than 
and less than 1. They are generally expressed by decimal 
fractions : thus, 

log 2=0.301030 

Quest. — 1T7 If one number be divided by another, what will the 
logarilhm ot tho quotient 1)9 equal lo? To what then will the sublrac- 
tJon of Insarilhina correspond 1 ITS- What 13 the logarithm uf 11 
BsCween what limits are the logarithms of all nnmbera between 1 and 1 ? 
How are they generally expressed? 
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256 ELBHBNTAHY AIGEBHA, 

Tile logarithms of all the numbers greater than 10 and less 
than 100, are greater than 1 and less than 2, and are genejally 
expressed by 1 and a decimal fraction : thus, 
log 50=1.698970 

The part of the iogaritlim which slaiidg on the ieft of the 
decimal point, is called the characteristic of the logarithm. 
The characteristic is always one less than the places of mlegcr 
Jigjires in the numher whose Iogaritlim is taken. 

Thus, in the first case, for numbers between 1 and 10, 
there is but one place of figures, and the characleristic is 0. 
For numbers between 10 and 100, there are two places of 
figures, and the characteristic is 1 j and similarly for othet 
nmnbers. 

Table of Logarithms. 

1 79- A table of logarithms is a table in which are written 
the logarithms of all numbers between 1 and some other 
given number, A table showing the logarithms of the num- 
bers between 1 and 100 is annexed. The numbers are written 
in the column designated by (he letter N, and the logarithms 
in the columns designated by Log. 

Quest. — How is it with the logarithms of numhprs between 10 »nrl 
lOOT What is that part of the logarithm callei] whiati stands at the hd\ 
of the characteristic 1 What ia Ihe value of the chajacteristic 1 1T9. 
What i» a table of logarithma ! Explain the manner of finding the loga- 
ritltiiis of numbers between I and lOOt 
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N. 
1 


0.000000 


N. 
ftfi 


Log. 




l^og. 


N. 


Log. 


1.414973 


1.707570 


1.880814 


H 


0.301030 


a? 


1.4313M 


.52 


1.71t>003 


77 


1.88S491 


S 


0.4771 -J 1 


iW 


1.447158 


.S3 


1.724276 


7« 


1.8920tW 


4 


0.60aOti(l 


29 


1.462398 


54 


1.732394 


79 


1.89762: 


5 


0.698970 
0.778151 


ao 

SI 


1.477121 
1.491362 


55 

56 


1.740363 


80 


1.90309:) 


1.748188 


1.93848.5 


7 


0.84509S 


:« 


1.505150 


57 


1.755875 


S'^ 


1.913811 


S 


0.903090 


33 


1.518514 


58 


1.763428 


83 


1.919078 


» 


0.95424") 


:m 


1.531479 


59 


1.770852 


84 


1.924279 


10 

n 


1.000000 
].04i:J93 


36 
3fi 


1.544068 
1.556303 


60 
Rl 


1.778151 


85 


1.929419 


1.785330 


1.93449« 


li> 


1.079181 


37 


1.568202 


62 


1.792392 


87 


1.939519 


i:i 


1.1 13913 


:w 


1.579784 


63 


1.799341 


8S 


1.944483 


14 


1.146 12S 


39 


1.591065 


K4 


1.806180 


89 


1.94939^ 


1-5 
lii 


1.176091 
1.1204120 


40 
41 


1.602060 

1.612784 


65 

fifi 


1.812913 


9U 
91 


1.954243 


1.819544 


1.959041 


17 


1.230449 


41^ 


1.623249 


67 


1.826075 


92 


1.963788 


IX 


1. 255273 


43 


1.633468 


6S 


1.832509 


93 


1.968483 


14 


1.278734 


44 


1.543453 


69 


1.838849 


94 


1.973128 


20 
■A] 


1.301030 


4.3 

4fi 


1.653213 


70 
71 


1.845098 


95 
"911 


1.977724 


1.322219 


1.662758 


1.851258 


1.98227 1 


■l>. 


1.342423 


47 


1.672098 


7:> 


1.857333 


97 


1.986772 


•lA 


1.361728 


4X 


1.681241 


73 


1.863323 


98 


1.99122ii 


i>4 


1.380211 


41i 


1.690196 


74 


1.869232 


99 


1.995635 


a-i 


1.397940 


511 


1.698970 


75 


1.87.5061 


100 


2.000000 



I. Lei ii be required to miiliiply 8 by 9, by means of loga 
ritlirns. Wb )iave seen, Ari, 176, that the sum i>f the loga- 
ritk'.iis is equal lo the logarithm of the product, Therefoic, 
finil the logarithm of 8 from the table, which is 0.903090 
and ihen the logarithm 5f 9, wliich is 0.954243; and their 
sum, whicii is 1.857333, will be the logarithm of tlie produdU 
23 
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I searcliiii!^ aloiig in ihe table, wp I'nid iliin TZ siamls np 
Le this logarithm : hc^ice, 712 is the prodiiri of y liy 9. 
2. What is the prnduct of 7 hy lii r 

I^garitlim nf 7 is, . . . . 0.845098 

Logarithm of !^ i=, .... t.0791SI 



l,9-i-!279 



0-9.54243 
1.041393 



1.995G36 



Logarithm of ihuir prdJlirt, 
iTid ihe (uiniber corrcspoiitliiig is 84. 

3. What is tiie protlucl of 9 by 11 \ 
Logarithtw ■>! 9 is, , 
Logarithm of II is, . 

Logarithm of their product, 
and tlie corresponding number is 99. 

4. Let it be reqtiired to divide 84 by 3. We have seen in 
Article 177, that the subtraction of Logarithms corresponds 
to the division of their numbers. Hence, if we find the lo- 
frarithm of 84, ani! then subtract from it the logarithm of 3, 
the remainder will he the logarithm of the quotient. 

The logarithm of 84 is, . . . 1.921-27^ 

The logaritlim of 3 is, . . . 0.-177121 



Their difierence is, ... 

ind the number corresponding is 28. 
5. What is Ihe product of 6 by 7 ? 
Logarithm of 6 is, . 
Logaritlun of 7 is, . 

Their sum is 

»nd the corresponding rnunber of liie tabic, 12. 



L447153 



0,77^151 
0.8J-5093 
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SUPrLEMF.NT. 



1. Wliai IS llie Slim of 

2. Whai is the sum of 

3. What is Ihe suit, of 

4. Wlial is Ihe sum of 

a. What is tiie sum of 

a-'b" — 0(i'°4-.'>rf-fe"-!-fi,i'"4 \na'h"- 
t\. Wlial is llie Slim of 

7. What is t1ie sum of 

5.t'b + 3a'!^c—7ah—<ja't> + -Ji'l>'i:+i7i'h + 9a'h~Sa-b'c 

— lOah 
S- Wltat is the mm of 
5n'"6- + 3a=6"-'--3a'- -vlcd" A- + V'*'"^' — a + I II"' H- "■"''■' + 

9. What is the sum of 

0,/'/,V— 76+186— .5n-'i"+e'~3.r + 3a"/r— /(,i'/.V+3c' 

10. From _!1, -,,■'— i:i f ?^,V.r— 4/'"car' 
lake 3'/a-'— %'",r^~-«4-2(7i'j' 
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260 


ELK 


:MENT^RT M.OEBRA-.tPrLEME! 


11, 


From 


5a'~7etj'~o<ru'^7.l 




take 


— l5-^b' + ■i^~3a'~7,:.i^ 


12. 


From 


9,ri'4 0o6"— (/■■4-ISa';'" 




lake 


7u'l,-^d'—Su:r+9a-'l>' 


13. 


From 


1-J:/V— liiuV/— ^"wV/'+fwc' 




tike 


Oo"6° — ()((c°+ iti.i'i'+lii'/'/' 


14. 


From 


S» V,'e*— 1 2,('- i + l)«.r' + 8«(/" 




take 


fc;,!,/"— Su'tV— ! -^a-b + tJax* 


IS. 


From 


1 aci-i-— g^j-^— i(;/j + eo-ft"— u 




t»ke 


3a— f>.i'6'+ 1:^,,"/-"— yiiJ-'+a- 



esAMPI.ES IN MVI.TIPUCATIOS, 

1. Wlial is the prndiiol of 

2. What ia iIip proiluri of" 

2a'x7u'x— 3.i' 

3. Whal is ilie pr'^iiici ..f 

4. What is ilif i>nn!u,i .,[" 

6. Wiini is ilip printiirt ..f 

6<i'6'xlt)a'iVx— 3(i" 

6. What is the pnnlitci of 

--7(r'6Vx&i'6Vx76'cx— 1 

7. Wlial is the produrt of 

a'°h''cq X a °b'i" Ka'liX — a 

8. Wiial IE the produrt of 

(a'—3a!>—5/,'))Kiu'b 

9. What is the proJiict of 
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10. What is Ihe proilnci if 

11. Whai w ihe protliirt of 

It'. \V),;it is Ihe priHliici of 

i3. Whai is the iin.dncl of 

U. Whtit is llie prmliirt of 

J.'). Whiii is ide pnxliiot of 

(4«'— l(;tu;+3j:')x(.5it'— 2(i'j;). 

16. What is Ihe prn,liicl of 

(«' + a' + '/)X(a'-i; 

17. What 19 the product of 
(a'~iit^i>+ia'b'—Sal>'+ t6J')x{a+2A). 

18. What is tlie product of 

tauV— 3i'y)xt2rtV+35Y) 

19. What is llie producl of 

21), Wliai is '.he proiliin of 

l_u'— .^rt'i' + Siri'lx'Ja*— 4a=i'+V). 
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202 ELEMKNTARV ALfiEBIl*— iU IPl.E MK ST. 

5. Diviile &{a+b)' by 3{a+b)'. 

6. Dixid^ (u+x}'x(u+i/)' by (a + x)x[a + !;Y. 

7. Divide tia'b'—i5a'f + 27a'lix, by 3a'. 

8. Diviile bc'—c'x by ^— i. 

y. Diviile o' + a'^—aM— //■ by a— A. 

10. Diviile ■Sa'+llia'i—S^a'O'+iAa'l,' by «H7ai, 

11. Divide <i~6u'b'+].i,rb^—i2u'/>' by u'—ia^ifr'. 
la. Dinde a'~2u'l>'+b' by a'— i'. 

13. Divide — «-i'+lJu"i'^— 18«"i'— aOa'^i' 
by lOu'i'— a''6. 

14. Divide a'—ldx'- by a'— i>i'. 

15. Divide 2u'—Ua'b + 31u'i'—3Sal^ + 2ib' 
by 2o'— 3a*+4i'. 

16. Divide 4e'— 9iV+6iV— i' by 2c'— 3Sc fi*. 

17. Divide — l+aV by — l + on. 

IS. Divide i^+2^z' + i' by a'_ai + ::', 

19. Divide -L_6-'+27i^ by .i-}-2i+3i'. 

20. Divide a'— 16aV+64i^ by a^— 4oj;+4a;». 

21. Divide a''d'—ia'cd?+3ae'a'-~c'(P+a'c'd'—at^\p 
by a'<i'— 2ncrf' + fi'if+ac'ii. 

1, lieduce to its sirnpiesi, lernis ibe fntciion 

lHiicf—Qb il r.f—2'id 
__^ 

2. Reduce Ui il.s simplest terms tlie fraction 
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3. HeJuce to its simplest ipiins ilie fmcikm 
l2„i/if- 4„/ 'g+3/y/. 
irJ'/ji 

i. [Joii^jce to its sim:)lcst tcrtn!) tlie fVui'tJDii 

5. HL-.liif.e a—&+-—.- til the foriii of» fiaciion. 

ti, r.cdi:t.3 j:— Jn^_ lo the f^rm of d fraction. 

7. Kt.luce a + i + ^T:f to the form of a fraction. 

8, ili-Jiice r— ui<— £11^ II. (he form of a frartioii. 
0. i;e-Iuce a~ ^jtSzd- to the fonii of a fracuon. 

10. Kc(l;tco 6«/'.c4-9j/— ^it^ to the form .if a fracimn, 

11. Reduce 5ncx — y — — _ lo tlie form of a fraction. 

lli, IJeJuce to an entire or mixed quantity tlie fraciiuii 
6a'b'—W a'f+7a'bx 



<i<\ quantity llie fraction 
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14. Reduce u^ an entire or mixed quaniily i!ie fraction 
c*— 2(t'j + ab + gj'-fi J 



15. Reduce the folli»wiiig fractions ii 

a — X li — c 4a r — i 

16. Keduce (iie foUuwiiig fraclioiia x 



17. Reduce t!ie following fractions l 
naior: viz. 



!9. Reduce the following fraclior.s I 

i'lx + h ^_^^j Sae-f 
Sac~f lar ' 

19. Reduce the following fractions to a common dcr 



00. Keduce ilie following fractions ti 
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1. Wiial IS ilie Him -f -?-., -ii-. and c 

2. IVhal is ihy Mim of HT"?, ^Tl' and J( 

3. What is iliE sum ..f -!, ^ZT^, J^^fL, 

b d 3f— /' 

4. Wlial is the ><im of '^S~lf., ^^HTI?, .'iai 

5. Wliat is ihc sura of 3^+ '—-. 2n— ~ 

6. From 8a+ ?f lake ?^5. 

7. From ?5-Z:^ lake 3— ^-"^ 

s. From £ii±lL ci.,. i^::^:--::^ 



10. From ^ lake 7.,;/ - .'1:'; 

8t 1; 

11. Multiply 7a+ - by !?=:? 

6 «+a 

12. Multiply — by 3ay— ™ 
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r ALQEEKA SL'PPLEMBST. 

GaT — x' 
' 9a 

14. Muhiply 3aj:+ ^2itlf by 5+ -t 
—y b 

lo. Aiiiiiii'iy 6u+ — 2rj~ ''y ^_y 

16. Divide Sue— 'iarfc— /+ -- by Sa 



18. Divide 3a'~ _^;^_1^1^__';^''_+ ^-".^ _ . 

19. Divule 2P~- -./. 4 ,- H- ^-- — -^— + 

20. DivW. - ^;+ l^l-lljj-' + 1^ +M,. 
by -".f.+Sj. 



1. Given 'I > to linil jc and y. 

"^■i-lx ==41 
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enuATio.Ns or the fjbst degree. 267 



3 Oi»c-rt ax+ — +i (x— /) = ^ ici lliid X. 

4. Given __^+_ — =aj, toniid r. 

5. Given I ^ *^ 1 1.) fim! x unJ y. 



|8^3~^i'=; 



8. Giv 



3n— 6j: i*a— 3jr 



». Give.. ■^'— «_-— -^ + J - d -/, lo find j;. 
10. Given I ^~ *^ "■ ;5 N'> fi"'' X ""Id 9- 



13 Given - 



- 4- ■l(-f— 3) = C8, lo find *, 
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J 8-» + ?=2 + 1 _ 35 j 



!,-, + = = ■-' 

( 3a: + 6'/ + I = IS i 



■,j,.ml. 



o fiiul X, « 



,. „. I 13i-+7>^-341=7i(,4-43tjr > ,. , 

lo Given ] o . ■ i.,l= i - ^ > to liiid r am >/ 

"• j 2x+li) = 33+1 J land,. 

17. Gi.tn j,"jZ''|i"S»J^"iJj- 



18. Gi' 



^.^'• + ?.v = /' 



la. Givra Jj^j, 5,,:^ J. . i„ linJ J «i,J ,. 
( «j-+ : Jj « J 1 



•2\). Giv 



( be c J 
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f 3i + 5j( = 161 1 
{7x + 2z = 209 > It 






3 find j;, y and i 



+ ■ = c 



25. Givi'n ) rfj- + fi/ = H 10 find r. ji and i 
(f:y + l,z ^^ I) 



l. 


Oivei 


1 jJ— 5^:r=I8 to find J!. 


2. 


Givei 


I Slc'— a,t = 65 to find J, 


3. 


Givei 


I 62'J.t:=15r + 6384 to find 


4. 


Givei 


, Il|x_3ii.'=-4IJ, tofir 


5, 


Givm 


1 9|r'— 90^1+195=0, tof 


6, 


Givet 


1 2074S— lG](ij:+21,r'-0, 


7. 


(livet 


I 9i.ir'—90^r+ 19-5=0, to/ 
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9. Given a? — 8*= 14 to find x. 

10. Given 3x'+x=7 to find x. 

n. Given 118x— 21.r'=20 to find x. 

12. Given 6j---30=3x' to find x. 

13. Giveji Sj-'— 7a-+34=0 

14. Given 4.^^— 9 j:= 5x^—255}— &t lo llu.i r. 



,ar^^2U— 27782 
31 16 



15. Given 80j+g^+l!f-~^''°- =. i8;->!l^-:U-' 
4 12 * 



17. Given 


::o^-l- isif _ 'i^' __,i ,.,,;„,, , 




IOjt— 81 5^— S .5 


18. Given 


18+1- _20i+9 (>o 
6(3— j:) 19— 7j; 4^3— X) 


19. Given 


j:'-7.c+31 = 


20. Given 


4jf—Qx==5x'—->-3o}-~^j: «. find 


21. Given 


^=3iT'"''"'^'- 


22. Given 


J5.+?!=13..fmdx. 
X — 5 X 


23. Given 


x+2 3x 


24. Given 


« ""1-5 .o find.. 
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PROMISCUOUS QUESTIONS, 

F.ilUATIO.VS OF THE FIRST DEQRKK. 

1. A person expemis 30 cents for apples and pears, giving 
. ,e cent for four apples, and one cent for five pears : he then 
s.ild, at the prices he gave, half his apples and one-ihtrd his 
pears, for 13 cents. How many did he buy of each ? 

2. A tailor cut 19 yards from each of three equal pieces 
of cloth, and 17 yards from another of the same length, and 
found that the four remnants were allogctlier equal to 14iJ 
yards. How many yards in each piece ? 

3. A fortress is garrisoned by 2600 men, consisting of 
infantry, artillery, and cavalry. Now, there are mne times 
as many infantry, and three times as many artillery soldiers, 
as Ihcie are cavalry. How many are tiiere of each corps ? 

4. All the journeyings of an individual amounted to 2970 
miles. Of ihese lie travelled 3^ times more by water than 
on horseback, and 2^ times more on foot tlian by water. 
How many miles did he travel in eacli way f 

5. A sum of money was divided between two persons, A 
and B. A's share was to exceed B's in the proportion of 5 to 
3, and to exceed five-ninths of the entire sum by 50. What 
was the share of each ? 

6. There are 52 pieces of money in each of two bags, out 
of which A am! B help themselves. A take* twice as much 
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miicli (lid eaH. luke } 

7. Two persons. \ aiiil B, agree lo purrliase a house lo 
gether, worlh ^1^00. Says A lo B, give me two-thirds of 
your money am) i can jiurdiusc Ji alone; bnt, says B to A, 
if you give me iln i;e-foiif tJis of your money 1 sliall be able to 
purchase it alone. How much had each ? 

S. A feilier directs llial {,1170 shall be divided among his 
three sons, in projiorlion to ihcir ages. The oldest is twice 
as old as the youngest, and the second is one-third older than 
the youngest. How much was each to receive ? 

9. Three regimenls are lo runiish 594 men, and eacli to 
furnish in proportion lo iia strength. Now, the strength of 
tlie first is to the seconJ as 3 lo 5; and that of the second to 
the third as 8 to 7 ? How many must each furnish ? 

10. A grocer finds that if he mixes sherry and brandy in 
the proportion of 2 to 1, the mixture «ill be wonh 78*. per 
dozen ; but if he mixes tliem in the proportion of 7 to 2, be 
can get 79s. a dosea. What is the price of each liquor per 
dozen ? 

11. A person bought 7 books, the prices of which were in 
arithmetical progression, (in shillings.) The price of the one 
next above the cheapest, was 8 shillings, and the price of Ihe 
deareal, y3 shillings. What was the price of each book? 

12. A number consiFts of three digits, which arc in arilh- 
melical proportion. If Ihe number be divided by the sum of 
tiie digits, the quotieni will be 26 ; but, if 198 be added to it, 
the digits will be inverted. 

13. A person has three horses, and a saddle which is worth 
$290. If the saddlp W piil on ihe hw\ of the first horj-e, it 
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EqiATIOVS OF THE PlkST PEClflBE. 2?3 

will make his value equal w ihat of ihe secotiil ajiU third ; if 
it be put on the hack of the secoiul, it will make his value 
double that of l!ie first aud third ; if it be |jut on the back of 
the third, it will make liis value triple that of the first and 
second. What is the value of each horse ? 

14. The crew of a stiip ronsisted of her complement of 
Bailors, and a numher of soldiers. Thf re are 22 sailors to 
every three gtins. and !0 over; also, the whole number of 
hands is five times the ninuber of soldiers and guns together. 
But after an engiigemeTit, in wliiuti the al.iiu were one-fourth 
of llie survivors, [here Hauled 5 men to make 13 men to 
every twti ^ims. I{p(]uired, the numher of guns, soldiers, 
and sailors. 

15. Three persons have ^96, which they wish to divide 
ei[ualiy between them. lu order to do this. A, who has the 
most, gives to B and C as much as lliey have already : then 
B divides with A and C in tiie ,>.ame manner, that is, by giviug 
lo each as much as he had after A had divided whh them: C 
then makes a division witli A and B, when it is found that 
they all have equal sums. How much had each al first f 

16. To divide the number a into three such parts, that the 
first shall be to the second as m lo n, and the second to the 
third as p to q. 

17. Five heirs. A, B, C, D, and E, are to divide an in- 
heritance of $5600. B is to receive twice as much as A, aiul 
$200 more; C tliree times as much as A, less $400; D the 
half of what B and C receive together, and 1-50 more ; and £ 
the fourth part_of what the loiir others get, plus $475. How 
much did each receive ? 

18. A person ha." four easks. the second of whirh being 
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filleil irniii llip fir-1, leases ilie first !V>ur-sevotillis full. The 
ihird being iilleii from the second, leaves it one-fourlh full, 
anil when the tliiri! is emptied iaio llie fuurlh. it is fnund Hi 
h!l only nine-sisteeiilhs of it. But the first will (ill ilie third 
and fourth, and leave 13 qiiarta remaining. I!ow many 
quarts does eacit hold ' 

19 li courier who had started from a place 10 days, was 
pi rsued by a second cjurier. The first travels 4 miles a 
diy, the otlier 9 IIow many days before the second will 
oTerlake the lir^lf 

20 If the lirst courier had left n days before the other, 
and made a mdes a. da\ , and the second courier had travelled 
b mile* how many daja before ihe second would have over- 
taken the hrst? 

21 4 courier goes 3U miles pvery five hours, and is 
frilotted b\ anotlier alier he had been gone eight hours. 
1 he econd traiels 22^ miles every three hours. How 
manj hours before he nill overlate the first? 

22 Two pljcts ire eighty miles apa?t,and a person leaves 
one of tlieni and traveK towards the other, at tlie rale of 3 J 
miles per hour Light hours after, a person deparls from the 
second flace, and trivels at the rate of 5J miles per hour. 
How Ir ng before tliej will meet each other ? 

23. Three masons. A, H, and C. are to build a wall. A 
and B together can do it in 12 days; B and C in 20 days; 
and A and C in 15 days, in what time can each do it aione, 
and in what lime ran they all do it if they work together ? 



24. A laborer wa do a ■ 


certain w. 


)rk expressed by a, 


me expressed by h ; a ae< 


!ond iahoi 


-er, the work c in a 


; a third, the ivcirk e in n 


I time/ 


ll is required to fine 
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RiirAiujNs ov THE PinsT deurce. ':7-> 

lime il would lake tlie three laborers, working togetlier, vi 
perfiirm tlie work g. 

25. llequiial li lull llirce number^ "ith the loHovvm^ 
cwidiiioiia. II 6 be added i ) the l-i m 1 2 1, the mi )is are u> 
one another u'! i to J if 5 be added lo thi, l«t a id 3d, the 
sums are as 7 U 1 1 but, if 3b be subtracted II i the Ud 
and 3d, the reiu uiLder', wd! be as 6 Ui 7 

ii5. The sum ol ^,500 was pnt ml at inier^'t in two 
separate sum': tie sin dler sum at two per cent m re than 
the oilier, Tlie iiitere-.! «1 the Krger sum was ifterwards 
increased, and that ot the smaller diminished, b> one per 
cent. By thi* llie interesi of the wholewas diiffinenied one- 
fourlh. But if the mlere'.t of tlie greiter sum had been so 
increased, wilhoui any diminution of the less, the interest of 
the whole would have been increased one-third. What were 
the sums, and what the rate per cent.? 

27, The ingredients of a loaf of bread weighing T5!//x. 
are rice, Hour, and water The weiglit of ilie rice, augiiiciueil 
by 5/bs., is Iwo-diirds ihe weiglil of the tlour; and ihe 
weight of the water is wie-fil\h tlie weight of tlie fiour and 
rice togetiier. Keqnired, the weigiii of each. 

28. Several detachments of artillery divided a certain num- 
ber of cannon balb. The firat took 72 and J of the re- 
mainder; the next 144 and ^ of the remahider; tlie ihiiJ 
315 and 1 of the remainder; the Iburth 2»8 and J of wliai 
was left; and so on, untU nothing remained; when it was 
lound that ih? balls were equally divided, lioquired, the 
numi>er of balls tiid the number of detachments 

2[l. A bi.nker liaa two kinds of money; it takes a pieoes 
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a?!! ET.KMRNTARV ALCF.BliA SVITL.EMBNT. 

of t)ie lirst to make a crown, and b of the second to make 
the same sum. lie is ollirpd a rrown for c pieces. How 
many of each khid must he give ? 

30. Find what eaeli of lliree persons, A. B, and C is woilli, 
knowing, Is(, that wiial A is worlli, added to I times wliat 
B and C are worth, ie equal lo p ; )i<i, lliat what B is worth, 
added to m times wlial .A and C are worth, is equal lo q; 3d, 
ihat whal C is wnrlli, added to n times wiial A and B are 
worth, ia equal lo r. 

31. Find the values of die estates of six persons, A, B, 0, 

D, E,and K, from tlie following conditions. 1st. The ainn 
of the estates of A and B is e.jnal to a ; that of C and D to 
b ; and that of E and F U. e. iid. Tlie estate of A is worth 
m times that of C; Ihe estate of D is woiih n liiuea ihal of 

E. and the estate oi F is worth p iiine:i that of B. 
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PROMISCL'OUS QUESTIONS. 



INVOLVING KftfATIO.Va OF TlIK SKCOND DRiJIIEK. 

1. Find three luinilien!, surh, ihiti tlie diilerf ni'e between 
the third and Be<:nii<l .*hal) oxreed the diflrreiicft between thf 
second and first by ti : iliat the siiin of the nuitibers shall be 
33, and the sum nf ilirir s'liiares 467. 

2. Il is required to find three numbers in geometrical pro- 
gression, such Ibal tiieir sum dbalt be 1-1, and the sura of 
Iheir squares 84. 

3. What two iiumhtrs arc those, whose smii miilti[ilied by 
the greater, gives IJ 1, iind whme difference multiplied bj'ihe 
less, gives 14 ? 

4. What two numbers are those, which are lo each other 
as >n to R, and the sum of wljose sijuares is ^ ? 

5. What two numbers are those, which are to each oilier 
as m to n, and the diilereiice of whose .squares is b? 

6. A certain capiud is out at 4 per cent, interest. If we 
multiply the number of dollars in the capital by the number 
of dollars in the interest, lor live months, we obtain $1 17041 §■ 
What is the capital ? 

7. A person has three kinds of goods, which together cost 
$330/-^. One pound of each article costs as manv times ^-^ 
of a dollar as there are pounds of that article Now, be lias 
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